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P R E F A C E
The present thesis is the result of research work 
done during the academic period 1950-1952, under the 
supervision of Professor W.H.McCrea, Ph.D., F.R.S.E,,
F.R.S., Professor of Mathematics in the University of 
London, Royal Holloway College.
The main part of this thesis (Chapters A, B, C, D) 
deals with tho cosmological problem and the use of 
quadruplet vector-fields in describing the continuous 
creation of matter postulated in recent cosmological 
investigations. Chapter E includes a discussion of 
previous attempts to generalize the relativistic theory 
of gravitation, and a further application of quadruplet 
voctor-fiolds in formulating a *unified* fiold-theory.
For this reason, it has been added to the previous 
chapters to constitute Part I of the thesis. Part II 
includes two other special problems in general relativity 
theory: the "clock paradox" and the gravitational rod-
shi ft.
Most of the original work presented in this thesis is 
contained in chapters D, E of Part I and in the two 
chapters A, B of Part II. The work in tho earlier chapters, 
especially that in chapter B of Part I (which is wholly 
devoted to the geometrical study of quadruplet vector- 
fields), necessitates the summarizing of earlier work on
the subject. During this summarizing, some earlier work 
has been developed, especially in sections 10 and 11 
dealing with the derivation of second order tensors for 
quadruplet-fields; some results have been reproduced by 
using different methods and sometimes under less restrictive 
conditions in particular the derivation of the ^Robertson 
metric* given in section 16; other results are readjusted 
in view of later work in particular the conditions of the 
equivalence of two quadruplets given in section 8 and the 
fundamental equations of an * automorphism* and those of 
a group of motions in a * quadruplet-space * given in 
section 14. Some new results have also been obtained 
through this work, in particular the set of *hermitian* 
and *anti-hermitian* tensors given in section 12 and the 
conditions for the quadruplet-vectors to form a group of 
motions given in section 14. l/Vhen indebted to other 
v/riters, such indebtedness is fully indicated, both in the 
text of the thesis and in the list of references given at 
the end of each chapter.
The main substance of the "clock paradox" problem 
(Chapter A of Part II) has been accepted for publication 
in the Proceedings of the Cambridge Philosophical Society. 
Another paper on the applications of quadruplet vector- 
fields in relativity theory is being prepared in 
collaboration with Professor W.H.McCrea. The candidate
also hopes to use some other parts of the present thesis, 
especially those dealing with the derivation of the 
various tensors for the quadruplet-sp'ace, the groups of 
motions in this space, and the calculation of the 
gravitational red-shift in general, as bases for other 
papers.
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A r INTRODUCTION
1. World-Models;
Cosmological theory is that branch of physics 
Y^ hich attempts to solve the problem of the structure of 
the universe as a whole? it regards the whole physical 
universe, as a single system and investigates its broad 
features. To achieve this aim5 one must construct some 
sort of world-model which will give a general picture of 
the universe as a whole and must, in particular, give 
satisfactory agreement with the properties of the limited 
region accessible to the present means of observation.
It is not surprising then that the general theory of 
relativity, through which Einstein has advanced Machos 
view that the structure of the space-time continuum is 
determined causally by its material and energetic content, 
and in view of its earlier successes within the solar and 
galactic systems, has offered a satisfactory basis for 
these cosmological speculations. In fact, it was Einstein 
who took the first step toward a solution of the cosmo­
logical problem and obtained the first model of the universe 
in his famous memoir of 1917 Since then, many
world-models e] , in which the local irregularities caused 
by the condensation of matter into stars, galaxies, stellar
" The number refers to the corresponding reference in 
the list at the end of the chapter.
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systems, ..etc., are disregarded, have been suggested.
At the time Einstein proposed his first 
relativistic model of the universe, it was almost taken 
for granted that the universe as a whole must be in a 
steady-state. Consequently, Einstein was led to modify 
his original gravitational equations, in order to obtain 
a homogeneous static solution, by the so-called  ^cosmical 
terms* having as coefficient the mysterious cosmical 
constant /\ . Although various objections have been 
brought forward against the resulting model, it has led 
to the well-knovm and interesting discussions of * finite 
but unbounded space* and * seeing round the universe*.
Another steady-state solution has been discov­
ered , about the same time, by de Sitter [3]. The line- 
element of this model, unlike Einstein*s, has been shown, 
by using a suitable transformation of coordinates 
discovered independently by G. Lemaitre[4 ] and by 
H.P. Robertson [5 %, to be non-static, i.e. its gravita­
tional potentials are dependent on the time-like
coordinate. This fact has been of great significance in 
predicting the recession of galaxies with speeds propor­
tional to their distances ; a relation empirically 
discovered later by E.B. Hubble and M.l. Humason [ ô].
The most unsatisfactory feature of the de Sitter model, 
as a basis for the cosmology of the actual universe, is
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the fact that its line-element when strictly taken 
corresponds to a completely empty universe containing 
neither matter nor radiation. As a model it could, 
however, he regarded as a possibly instructive limiting 
case.
In 1922, Friedmann a Russian meteorologist,
broke new ground by investigating non-static solutions of 
Einstein*s field equations, in which the radius of curva­
ture of space varies with time. Five years later, in 1927, 
a more vivid account of the subject was given independently 
by the Belgian mathematician Abbe Lemaitre [s], who worked 
out the astronomical consequences in considerable detail. 
Their work has enabled Eddington [9] to show that Einstein*s 
static universe is unstable ; if it experiences a minute 
disturbance it will tend to expand or contract indefinitely. 
Consequently, the original static universes of Einstein 
and of de Sitter, though important in furnishing examples 
of the kind of cosmological model that can be constructed 
within the theoretical frame-work of general relativity, 
neither of them gives a satisfactory description of the 
present state of the actual universe. The former, besides 
being unstable in regard to sorts of disturbances which 
certainly occur in the actual universe, permits no red- 
shift in the wave length of light from the nebulae. The 
latter permits no matter or radiation in space.
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The attention of relativists was, therefore, 
directed to the construction of ’expanding* world-models, 
and especially after the publication of Hubble* s law? that 
the speed of recession of the extra-galactic nebulae is 
proportional to their distances. They studied exhaustively 
all classes of non-steady uniform solutions of Einstein’s 
field equations, both with and without the cosmical terms. 
In fact, the theoretical necessity for introducing the 
cosmical constant A became, then, much less obvious and 
was actually renounced by Einstein himself and de Sitter 
in a joint mémoire in 1932, by saying?
**Historically the term containing the * cosmological 
constant A * was introduced into the field equations 
in order to enable us to account theoretically for 
the existence of a finite mean density in a static 
universe. It now appears that in the dynamical 
case this end can be reached without the introduc­
tion of A •** (10].
All solutions of this group predicted the phenomenon of
recession of nebulae, and hence the idea of an * expanding
universe* was established theoretically. At the same time
observational evidence was being amassed with the help of
Mount Wilson 100-inch telescope, and Hubble’s law, referred
to above, was derived as an empirical result.
2. Difficulties Encountered by Cosmological Models?
All the world-models given by this class of non­
steady solutions of Einstein’s field equations have
5 •
encountered serious difficulties which ought to he resolved.
These constitute the quantitative problems faced in adapting
relativistic models to available observational data, as well
as astrophysical and metaphysical difficulties. As these
difficulties have been thoroughly discussed by F. Hoyle [ll]
and by W,H. McCrea {isj, We are goihg to outline them
briefly in the following;
(i) It is almost certain that any attempt to obtain
satisfactory quantitative agreement between
relativistic world-models and reliable observations
of the actual universe is doomed to failure, as
shown clearly in the thorough investigations
carried out by Hubble
(ii) Accepting Hubble’s law which is (to a sufficient
approximation)
Speed of recession of galaxy
i 7= 1.8 X 10“ cm/sec x distance in cm.,
the age of the universe is crudely estimated as
9
2 X 10 years. The ages of the oldest stars in 
spiral nebulae, globular clusters and elliptic 
nebulae, according to recent ideas concerning
stellar evolution, are estimated to lie between
9 9
3 X 10 and 7 x 10 years with that of the earth
Q
being about 3 x 10 years, according to recent 
geophysical studies. Thus the ordinary theory
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of the expanding universe fails to provide sufficient 
time for the evolution of its contents.
(iii) On the other hand, models assigning an infinite age 
to the universe will inevitably give rise to the 
exhaustion of the hydrogen contents of the universe, 
in view of its conversion to helium and heavier 
elements, in contradiction with its observed pre­
dominance .
(iv) All point source models face an overriding difficulty 
on account of the instability of the material in the 
general background, in the early stages of expansion, 
against the formation of condensations. Thus con­
densations could be formed in material with density
\
much higher than the mean densities within the 
nebulae. No such condensations are observed in the 
actual universe.
(v) Lastly we may mention two important metaphysical
difficulties. The first is that the general theory 
of relativity as v/ell as the theory of kinematic 
relativity and the Newtonian theory, which have been 
significantly called by Professor W.H. McCrea the 
* dative theories’ , admit a variety of theoretically 
possible models of the universe while a wholly 
satisfactory theory ought to yield only a unique 
model.
7.
(vi) In the second place, accepting the fundamental axiom 
of the unrestricted repeatability of all physical 
experiments and accepting Mach*s principle, according 
to which the inertial properties of any portion of the 
universe are determined by the distribution of matter 
in the whole universe, the meaning of physical laws in 
an expanding model presents grave difficulties. The 
steady-state theory of the expanding universe may offer 
a possible solution to this problem.
3o Remedies -
The early remarkable demonstration by 
W.H, McCrea and E.A. Milne [ 14 ] that Newtonian analogues 
exist for all the important cosmological models and its 
recent extensions by McCrea [15],"have clearly shown in 
easily appreciated terms that the physical phenomena are 
essentially the same in all the models provided by any one 
of the dative theories. Thus, as emphasized by McCrea, 
these serious difficulties are not to be overcome merely 
by replacing one mathematical treatment by another, but 
rather by questioning the adequacy of the physical concepts 
in terms of which astronomical observations are interpreted. 
In this way some alternatives have been suggested by many 
astronomers and mathematicians as possible means of escape 
from the difficulties we have outlined. The most important 
of these are the following;
8.
(i) Non-recessional theories*
Although there is no conclusive evidence that 
the red-shift as given by {- change in wave
length/standard wave length) is independent of X 
throughout the whole spectrum and for all the spectra 
of the various kinds of nebulae / yet we can safely 
depend on the fact that red-shifts do actually exist 
and that they increase with the apparent faintness 
(which may be taken as a measure of ’distance’) of 
the various extra-galactic nebulae. This fact in 
itself implies two principal possibilities? 
either ( a) the nebulae are actually receding from
one another giving rise to a true Doppler- 
shift in the light emitted by one as viewed 
by an observer situated on another^ 
or (b) the nebulae are relatively at rest, and
some hitherto unrecognized agency causing 
a loss of radiant energy during transit 
from one nebulae to another.
So far, it was only the first interpretation that has 
been widely accepted and applied in correlating 
theoretical models with observation. But the failure 
of these models to yield satisfactory agreement was
* The candidate has had the privilege of attending some 
seminars given by Dr. G.J. Whitrow at Imperial College, 
London, from which he gained most of the information 
in this section.
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so impressive that it has compelled many and Hubble[l6] 
himself, who played a prominent part in the recessional 
theory, to examine carefully the second possibility (h)..
Somewhat earlier, Zwicky [17] suggested that 
light automatically loses energy in traversing the 
gravitational field of matter distributed between us 
and the nebulae in a way analogous to the Compton 
effect. But ZvYicky’s calculations have not been 
generally accepted. Other non-recessional theories 
have also been studied by Tolman, Ehsenfest and 
Po.dolsky £i8 j and by Sambursky [ 19 j, but none of vhich 
has offered a successfully applicable solution.
(ii) Two time-scales
Another line of attack, dealing with the physical 
conception of time, is provided by Milne’s £20j use of 
two time-scales. Assuming the velocity of light c 
to be a universal constant, he is led, in developing 
his kinematical relativity, to employ an alternative 
measure %  proportional to the logarithm of the cosmic 
time t.
Dirac £21} has also applied the notion of two time- 
scales in tackling these cosmological problems, using 
a transformation different from Milne’s. The same idea 
occurs again in the work of E.B. Amot £22], who, 
unlike Milne and Dirac, has not altered his measurement
1 0 .
of distance in the two scales to the expense of 
allowing c to vary with the time in one scale while 
remaining constant in the other.
(iii) Continuous creation of matter
All cosmological theories and the suggested 
modifications considered above depend on field - 
theories whioh assume the conservation of matter and 
energy. Quite recently H. Bondi and T. Gold f 23J 
have reached the conclusion that it is necessary to 
postulate the ’continuous creation of matter’ in order 
to preserve a statistically constant density against 
the expansion of the universe. As a consequence of 
this postulate, they proposed the ’steady-state’ 
theory of the universe, according to which the 
creation of matter is proceeding at the same rate now 
as in the past. This idea of postulating the contin­
uous creation of matter has also been favoured by
E. Hoyle £ 24] who made the first attempt to treat it 
by a field-theory, and quite independently by 
P. Jordan £ 25}. Hoyle’s field-theory will be dis­
cussed in general terms in section 5, and will be 
commented on in various places of the text.
The possibility of the creation of matter is, 
however, not entirely a new idea. Over twenty years 
ago, in 1928, Jeans £ 20} referred to the creation of
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matter in his well-known conjecture that **the centres 
Qf the nebulae (galaxies) are of the nature of 
singular points, at which matter is poured into our 
universe .... Nine years later, in 1937, Dirac [27]
in considering the ’cosmological constants’, asserted 
that **the number of protons and neutrons in the
z
universe must be increasing proportionally to t 
Later £eiJ, he regarded that ”a spontaneous creation 
.... of matter .... as not to be worth considering, 
unless a definite need for it should appear.** The 
theme of Bondi and Gold and Hoyle is that there is 
a strong case for this need. Vie may also refer here 
to a similar suggestion in connection with an analogous 
phenomena, namely the destruction or creation of energy. 
In 1932, N. Bohr[ 28} suggested the possible failure 
of the principle of the conservation of energy in the 
case of the continuous 0  -ray spectrum accompanying 
radioactive decompositions, and perhaps also in the 
case of processes occurring in the interior of stars.
4. Relativity Theory and the Creation of Matter?
The hypotheses and postulates suggested to over­
come the difficulties in cosmological theories, as outlined 
in the previous section, are not all of a general character, 
some of them are only connected with a particular theory and 
not with the rest. In the present work, we shall only be
1 2 .
concerned with the last hypothesis? the continuous creation 
of matter and with its treatment by the general theory of 
relativity in particular.
It is to be noted, however, that H. Bondi and 
T. Gold £23]; who first expounded this hypothesis, have 
expressed the view that general relativity does not afford 
an acceptable mathematical apparatus for the new theory.
They have favoured instead the formulation of an entirely 
nev/, non-invariant theory based largely on kinematical 
•arguments analogous to those used in ’kinematic relativity’ 
theory. F. Hoyle £24bj , on the other hand, has maintained 
the view of treating the question of the continuous creation 
of matter by a modification of existing theory, and in 
particular by modifying the field-relations of general 
relativity. He did in fact succeed in formulating a field- 
theory that includes a description of a creation of matter 
on these lines. As the present work is mainly another 
attempt to formulate field-relations of a form analogous to 
that proposed by Hoyle, it is therefore necessary to make a 
closer investigation of Hoyle’s theory which we intend to do 
in the following sectiontogether with frequent comments on 
his procedure at the relevant places in the text.
More recently, W.H. McCrea [29], though not in 
principle opposed to Hoyle’s procedure, has expressed the 
view that the modification of Einstein’s field-equations by 
the addition of some new terms so as to admit a creation of
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matter, is not necessary. McCrea maintained, and has in 
fact explained in very clear terms, that any modification 
required in Einstein’s theory is not in the field-equations 
themselves, hut in the physical interpretation of the stress- 
momentum-energy tensor which they define. On these lines, 
McCrea has succeeded in giving an alternative way of des­
cribing the creation process using the standard field- 
relations of general relativity (without any modification), 
provided that a ’zero-point’ stress is to be allowed in 
interpreting the stress-momentum-energy tensor. As a result 
of this new treatment and by constructing a Newtonian 
analogue to the arising model universe (with non-zero stress), 
McCrea has been able to re-establish the hypothesis of the 
continuous creation of matter on a highly plausible physical 
foundation, and to identify the ’created matter’ with the 
’mass-equivalent’ of the work done by the negative stress, 
now permissible according to the new hypothesis, due to the
expansion of the universe. On the whole, and for other
this
reasons to be mentioned in the following section,^ treatment 
of the creation of matter does not prejudice Hoyle’s 
procedure, but gives, as McCrea remarked, Hoyle’s results 
"an intelligible physical coherence", (loc.cit. p.573).
Lastly, we may refer in this connection to the 
investigation carried out by G.C. McVittie £30J and published 
a few months ago. Accepting the hypothesis of the existence
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of a ’zero-point’ stress in general relativity theory, as 
proposed by McCrea and referred to above, McVittie suggested 
a new interpretation of the same mathematics as occurs in 
McCrea’s work and as usually provided by the standard theory 
of relativistic cosmology. According to this interpretation 
the stress and mass are mutually convertible into one another 
by a process which has been suggested to correspond to the 
creation of matter. On these bases, McVittie constructed a 
model universe which he described as in a ’gravitationally 
steady state’, and obtained from it some numerical results. 
Some time is yet needed before one can be able to judge the 
promises or defects of this new point of view.
5. Hoyle’s Field-Relations?
As it is usually considered that the field- 
equations of Einstein’s relativity theory retain the classi­
cal conservation of matter, the fundamental reason for 
modifying these field-equations so as to take account of a 
possible creation of matter is clear. Considering the least 
possible modification of this sort, Hoyle £ 24J has proposed 
using field-relations of the form
- I G + C^y = - K (5.1)
k a g  fr % /c*
which differs from Einstein’s well-known relations (without 
his ’cosmical terms’) by the addition of the terms C^y . The
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new tensor , which we shall call for convenience the
’ creation tensor’ , is to be derived from a vector-field 
which is to be admitted by space-time in addition to
the fundamental,tensor-field 3^^. Hoyle has suggested a
relation of the form
2 (5.2)
where is the ordinary covariant derivative of the
vector . To define this postulated vector-field, Hoyle 
has identified the direction of ( with a selected
preferred direction at each point of space-time. To complete 
the mathematical scheme, he imposed on the creation tensor 
the further conditions
= a const. (5.3)
where the constant can be adjusted to give agreement with 
certain observational data. Also Hoyle has discussed other 
alternatives to relations (5.2).
In this section we are going to confine our 
discussion of Hoyle’s procedure to the general features of 
the formalism rather than to its details which we defer to 
later parts of the text.
General discussion of Hoyle’s formalism?
On physical grounds, there is no a priori 
objection to the procedure outlined above as suggested by
F. Hoyle, since there is no imperative reason for stopping 
at the introduction of a simple tensor-field as required by
16.
standard general relativity. The only physical objection 
to Hoyle's formalism is that in choosing relations (5.2), 
which Hoyle has actually used in the only model considered 
by him, to define the creation tensor, he has deliberately 
adopted the symmetric part of the tensor *C^v and rejected 
its skew part, i.e. the tensor
(5.4)
which has had no place in his theory. Some physical 
interpretation should be given to this derived tensor. This 
type of objection is in fact quite common in all generalized 
relativistic field-theories as will be illustrated in 
section 17 below. It would be expected, however, that a 
satisfactory field-theory should afford some physical 
significance to each of its derived members unless there are 
some strict mathematical reasons for rejecting it. This 
point of view, which to the writer’^ s knowledge has not been 
expressed before, is due to Professor W.H. McCrea. It will 
be developed and discussed further in section 17.
Prom the mathematical point of view, Hoyle^s 
formalism is liable to the objection of being of a somewhat 
hybrid character. It is mathematically more satisfactory 
if both the creation tensor C^u and the fundamental tensor 
of the original Riemannian 4-space, and whatever else 
may be required, can be all derived from vector-fields alone 
rather than from the combination of a tensor-field and a
17.
vector-field employed by Hoyle. It is natural, therefore, 
from this mathematical standpoint to examine whether results 
similar to those obtained by Hoyle can be derived by starting 
with a quadruplet vector-field instead of a Riemannian 
4-space admitting a single vector-field of a particular sort. 
This was in fact the original form of the problem as 
suggested to the candidate by Professor V/oH. McCrea.
Nevertheless, Hoyle’s theory has two general 
features which are, in the writer’s view, more important and 
of more fundamental significance than its original aim of 
allowing for a possible creation of matter. In the first 
place, it represents a ’specimen’ extension of the mathemat­
ical basis of the general theory of relativity which may be 
needed for the creation process as well as for other 
purposes. By the other purposes we particularly refer to 
those connected with electromagnetic phenomena which, as is 
well-known, are not adequately treated in standard general 
relativity. Strictly speaking, Hoyle’s procedure has in 
fact given rise to two new tensors - one symmetric defined 
by (5.2), and one skew-symmetric defined by (5.4) - in 
addition to those usually provided by the ordinary formalism 
of general relativity. Hoyle has identified the former (the 
symmetric tensor) with the creation tensor which he has 
successfully used in describing the creation process. In 
order to attach a physical significance to the skew tensor,
18.
we have to look into the other occasions in which there has 
been some need to extend the mathematical formalism to . 
include some physcial phenomena.
The one that suggests itself quite readily is 
that connected with the formulation of a "unified field- 
theory”. In fact, ever since Einstein discovered his 
relativistic theory of gravitation in 1915, there have been 
unceasing attempts to generalize it so as to account in the 
same natural way for the electromagnetic-field as well. In 
these attempts the authors so often questioned the adequacy 
of ordinary Riemannian space - i.e. derived in the usual way 
from a symmetric fundamental tensor 0^^, - for the mapping 
of the physical world, and have favoured the adoption of the 
more general non-Riemannian geometry of ’affinely connected’ 
manifolds (^ 31J . lie shall discuss some of these ’unified’ 
field-theories, especially those suggested recently by 
Einstein, in chapter E. It is only significant to refer 
here to two of these theories, namely those of Einstein [ss] 
and of Levi-Civita [ssj, which have been derived from quad­
ruplet vector-fields. We have taken full advantage of these 
two theories and largely re-developed their mathematical 
basis, as will he mentioned later in the text. In all these 
generalizations, however, the main interest has been to 
derive some skew tensor (or tensors) to be identified with 
the electromagnetic field-tensor. Consequently, we come to
19.
the conclusion that, in any field-theory, the most likely 
physical significance to be attached to any derived skew 
tensor or tensorsis to be concerned with electromagnetic 
effects. This point of view v/ill be discussed further in 
section 19 below.
In the second place, Hoyle’s procedure provides 
also a ’specimen’ of a new class of field-theories - those 
giving rise to a non-conservative sort of mechanics. This 
new feature will be discussed in some detail in section 18. 
We may only mention that it is not the first attempt of this 
type, as the same possibility has been considered by R.C., 
Tolman [ 34]. Pollov;ing Bohr’s suggestions of a possible 
failure in the principle of the conservation of energy, 
referred to above, Tolman, as far back as 1934, has consid­
ered the modification of Einstein’s field-relations so. as 
to give rise to a non-conservative mechanics v;hich will 
enable a local observer to describe processes leading to 
the creation or destruction of energy inside the matter in 
his neighbourhood. It is of considerable interest to note 
that Tolman’s modification is formally similar to that 
suggested by F Hoyle - both constitute of adding a symmetric 
tensor (B/au in Tolman’s notation) to the original terms in 
Einstein’s field relations. This is, however, the only form 
of similarity between the two procedures, as they entirely 
differ in the derivation of these added terms. Tolman has
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related M s  tensor to the macroscopic velocity of the 
material contents of his space-time by a wholly invariant 
relation. On the other hand, Hoyle [s4bj has rejected the 
idea of deriving his creation tensor by a wholly invariant 
scheme which, as he mentioned, has been suggested to him.
On the contrary, the derivation of Hoyle’s creation tensor 
requires the selection of a preferred direction by geometri­
cal considerations at each point of space-time vAich is of 
course a non-invariant procedure. Moreover, Tolman, as far 
as we are aware, has not carried his proposed field-relations 
any further. Also it is quite clear that Hoyle has made his 
suggestion unaware of this work of Tolman.
Now we end this general discussion of Hoyle’s 
treatment of the continuous creation of matter by our earlier 
statement that the above two characteristics of Hoyle’s 
theorys
(a) that the theory is a ’specimen’ extension of the 
mathematical basis of general relativity theory,
(b) that the theory provides field-relations giving rise 
to non-conservative mechanics - allowing the creation 
or destruction of matter and energy,
are of great fundamental importance. It is due to these two 
features, we believe, that Hoyle’s work still retains its 
original interest in spite of McCrea deriving all of Hoyle’s 
results within the system of standard general relativity 
theory. Also our assertion is justified in view of the
.persistent need to extend the field-relations of general 
relativity as revealed in the various attempts to formulate
I
a unified field-theory.
Aim and scope of the present v/ork;
All the above considerations combined together 
suggest that we should examine the possibilities of using 
quadruplet vector-fields to generalize Einstein’s gravita­
tional theory so as to take account of a possible creation 
of matter as well as of electromagnetic effects. It is, 
however, the purpose of the present work to explore these 
possibilities v/ith some emphasis on the first set.
It is clear from the above discussion that any 
investigation of this sort has two distinct sides. The first 
is to deal with purely geometrical considerations - to explore 
all the geometrical consequences of the mathematical basis 
used in the formalism. This implies the derivation of all 
possible vectors and tensors ( up to a certain definite order) 
of all types; symmetric and skew-symmetric, ’hermitian’ and 
’anti-hermitian’, etc., to be all at our disposal for the 
physical applications, and not to reject any of them off 
hand. In short, this part is mainly concerned with the 
intrinsic properties of the type of space used in the field- 
theory under consideration. The second side of such an 
investigation is to deal with the physical significance and 
interpretations of all this geometrical structure, and is
22 .
mainly concerned with its applications in the various 
physical problems.
The present work, therefore, is divided into 
two main parts; the first, constituting of chapter B, 
includes a geometrical study of quadruplet vector-fields; 
the different types of spaces that may be derived from them, 
all possible tensors of the'second order, groups of motions 
and quadruplet-fields giving rise to the ’Robertson metric’; 
the second, constituting of chapters C, I) and B, deals with 
the applications of quadruplet-fields in cosmology and 
considers some possibilities of their further application 
in formulating a unified field theory.
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B - QUADRUPLET VECTOR-FIELDS
6. Elementary Properties;^
We start with a vector-space which is merely a 
4-dimensional continuum. We thêji associate with each point 
of this continuum four linearly independent contravariant 
vectors whose components in the co-ordinate system
- Ü j I , 2. , J ) are denoted hy where C
for L = 0,1,2,3 indicates the vector and for =0,1, 
2,3 the co-ordinate component. Then the determinant
^ = I I (6.1)
is not identically zero. Denoting "by Xc//a. the cofactor 
of in X divided hy X , we have
Xi//A -  'biij (6.2)
A- X v M  (6.3)
in which the right-hand members are Kroneeker deltas. In
/ it
any other co-ordinate system X , the contravariant vectors 
\ i / ^  transform in the usual way according to
X For further details, the reader is referred to the text 
hooks: Eisenhart,• L.P. , ’’Riemannian geometry”, (Princeton
1926) and quoted as (R.G.)•
Eisenhart, L.P., ”Non-Riemannian geometry”, (N.York
1927) and quoted as (N.R.G.)
Levi-Oivita, T., ’’Absolute differential calculas”, 
(Blackie 1926) and to
Levi-Civita’s pamphlet (1950) which will be quoted 
as (L.0.)
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*
6
Hence from (2.2)
Xilr^ Afc/ — - bLfe (6.5)
I
Defining Xt/M we have done in the co-ordinate system 
f by the normalized cofactor of , such that
/ y _  ^V
-^k ^k/f X /  - (6.6)
I
k/Sand multiplying both sides of (6.5) by X l / p *
summing for b we have
/ y
>c//x I*; Xfe/ = L t  x^ /j>
u ^
giving  ^ ^
^  = Xc/j. (6.7)
0 ^
Consequently Xi/fj^ ( L = 0,1,2,3) are the components of 
four independent covariant vectors.
It is to be noted that the relations (6.2), (6.3) are 
of a reciprocal character. That is, if we had started with 
the covariant vectors, they serve to define their con.iugate 
contravariant vectors. The two sets then constitute the 
original quadruplet (cf. N.R.G., pp.44-46). Any space 
whose structure is defined by means of such a quadruplet, 
in the above sense, will be called, for convenience, a 
’quadruplet-space ’. and will be denoted by Q^.*.
The components X i / ^  are assumed to be one-valued 
functions of the coordinates , differentiable to any 
required order. Consequently the equations
27.
d / d 5= (6.8)
where for the present the parameter s^  is not otherwise 
defined, determine a congruence of curves in the vector- 
space continuum. The four congruences ( i = 0,1,2,3) form 
what we shall eall the mesh. From (6.8) We get the 
intrinsic derivative of an invariant function of the co­
ordinates say, defined by
4 ^  ~  (6.9)
and giving the derivative of f( ) along the curves of 
the congruence (6.8).
As in (Lie.), we denote tensor-suffixes by Greek 
letters and mesh-suffixes by Latin letters, and we apply 
the summation convention to tensor suffixes only.
By composition with the components of the quadruplet
p
( Xuy f Xi/AK ), we obtain from any tensor Ayuy*^  , say, 
a set of invariants defined by
~ (6.10)
Using (6.3) this gives
X ù />a V a/v Xj^ / (6.11)
A set of invariants like A ^  ^  will be called a 
”mesh-tensor” of the third order. In general, mesh-tensors 
behave like tensors only with respect to orthogonal 
transformations with constant coefficients of Xc’/^ , and 
are then called ’’local mesh-tensors” (’’local n -uplet tensors”
28.
in L.G.). True mesh-tensorë behave as invariants with 
respect to all orthogonal transformations whose co­
efficients can vary in any way with the coordinates .
A mesh-tensor is syinmetric (skew) in a pair of 
suffixes if and only if the associated world-tensor is 
symmetric (skew) in the corresponding suffixes. This is 
easily seen from the relations (6.10), (6.11).
’’Contraction” of a world-tensor results in contraction 
of the associated mesh-tensor in the manner illustrated by
Xk/v
- Achh Xt/A*.
•here ‘
-  <Ta A c A/,
\
7. Symmetric Affine Connection;
We then proceed to show that any  ^quadruplet-space’ 
can be ”affinely connected”. We can do this in two 
different ways: firstly by adopting a symmetric connection,
which we intend to do in this section, and secondly by 
choosing a general non-symmetric connection, as we shall do 
in the following section.
We define the quantities 2 m. y by
3/U y  ^iJ Xt/AA. XC/i/ (7. 1 )
and it is easily seen that this set forms a symmetric 
tensor of the second order by noting that
29.
X  ^I XL/m Xi/V Xl4/^ irXi. Xly/m G ik = X^//k4
using (6.2). Denoting by the normalized cofactor
of â/\V in the determinant 3 - 1 âyu ^  f we have
V f  r''. s;;
From this, it is easily seen that the symmetric tensor 
â/^ V with its conjugate 3^ ^ v/ill provide us with a 
process of lowering and raising indices of tensors in the 
usual way known in ordinary Riemannian geometry. In 
particular, v/e can raise the indices in (7.1) and thus we 
have
3 -  (7.2)
Now if the quadruplet-space is to be Riemannian, we 
simply choose the tensor y , as defined by (7.1), to 
be the metric tensor of the Riemannian space. If this is 
the case, it follows from (6.2) that
At/'^  X k / ^  XC/u (7.3)
Thus relative to the metric determined by (7. l), the four 
vectors ( 6 = 0,1,2,3) form a mutually orthogonal
set of unit vectors, and hence define an "orthogonal 
quadruplet” in the sense of ordinary Riemannian geometry 
(R. G• p. 40) •
Returning now to our general case. we choose for the 
symmetric affine connection the quantities
(-«Xj ^  ) (7.4)
30.
which are the ordinary Christoffel symbols of the second 
kind (R.G. , p. 17). We wish to make clear that the tensor 
3/ucy needs only to be symmetric, in order that the 
expressions (7.4) may transform as an affine connection for 
any change in the co-ordinates (R.G., p.19). In other 
words, âywkV in (7;4) is not (in general) a metric tensor.
The infinitesimal parallel displacement of a vector 
, corresponding to this connection, is defined by
y I A  d (Y.5)
This kind of operation is unique since the affine connection 
is symmetric. Consequently we get one absolute derivative 
defined uniquely by
i  V = y V + [oTy I A  (7.6)
Which is the ordinary covariant derivative used in 
Riemannian geometry. In the following we are going to use 
the comma to denote partial differentiation, e.g. .
and the semicolon to denote absolute differ- 
entiation as in (7.6).
Similarly the absolute derivative of a covariant 
vector Ayu with respect to the Christoffel symbols (7.4) 
is defined by
y - Vj (7.7)
We may also note that (R.G., p.18 and p.28)
51.
 ^ . (7.8)
and â = 0 (7.9)
v/here the left-hand member of (7.8) is summed for v and
â = I â/wLV I •
As in (L.0.) we denote the covariant derivative of 
X l/m > with respect to the Christoffel symbols (7.4), 
simply by X l/m v  . Expressing this tensor, according to 
(6.11), in terms of invariants and the components of the 
original quadruplet, we get
Xc/>\v —  ^ X k/y (7.10)
where the are the Ricci coefficients of rotation
(R.G. , p.97). Equations (7.10) may be solved to give
- Xc’/yuv X k/ ^  A (7.11)
It follows (L.C.) that these coefficients form a local 
mesh-tensor of the third order. Its associated world- 
tensor is
Xc hk Xi/M Xs/ Xk/j (7.12)
—-^cKfe 'Xi/ci Aliy'" A k / y  X;^y*^ A^^/J Al/m.
- I c  Xc/M Xi /vS (7.13)
Prom (7.13) we observe that
XyA ( X L//M Xt/v)_y =- 3/t y J j" = 0  (7. 14)
using (7.1) and (7.9). This shows that is skew-
3 2 .
symmetric in the first two indices and consequently the 
corresponding meshrtensor possesses the same property^ i.e.
= 0 (7.15)
This is well-known, but the present derivation, which is 
due to Professor W.H.McCrea, is more instructive than'that 
given by Eisenhart (R.G., p.97).
From (7.13), we have
t   ^ Xi/vf (7.16)
using (7.10). Contracting on M  f , we get 
X Vj = Tîhfe XtA/j Xu/y Xt?/?
— 'i t h L X k/ y
- Î7, X h / y (7.17)
= (7.18)
= X, y i Ac (7.19)
Where
which is the same local mesh-vector introduced by Levi- 
Civita (L.C. equation (14) ). But contracting in (7.16) 
directly, we get
= Tt Xi/ Xt/vf (7.20)
— — ic X t/v C X i /  )y
p
^  A A/y ( X K/ )f (7.21)
33.
using (6.3). Comparing (7.17), (7.2l), v/e get
O
C/, - - ( Xhj )j (7.22)
This result can he obtained directly from (7.19) as 
follows
ï i h i  -  -  i c  ' i h i i
-  - 9 V  X k/m v
= —  ( X ) y
using (7.11) and (7.2).
It is also clear that the expression Xi / ^  Ai /vf  
appearing in the right-hand member of (7.20) is a world- 
vector with a free mesh index i • Denoting this vector 
by Xi/y , we have
' i i / v  = Xl/^ Xi/yy (7.23)
^ A/i/v Xk/f Xi/
= ^hi) Xh/„
- Zh XfcAt) X^/y (7.24)
using (7.10) and (6.2). Hence 
Al/^ Xc/v - %ih(L
= Vit. L. = Ô (7.25)
Showing that the four vectors ((=0,1,2,3) are
orthogonal to the quadruplet vectors At/v ( t = 0,1,2,3)
each to each respectively. It is seen from (7,18), (7.20)
34.
that
=: Xi/: (7.26)
a relation expressing C ^  as a sum of vectors Xt/V 
orthogonal to the quadruplet vectors \ i j v  *
Contracting again by setting = y , we get
X V f c ^ At/f
-  ( V A/^ /f
c 0
in consequence of the skew-symmetry of k with respect
7
L ;) A . Lastly we get from (^ . 14)
We may then sum up all the properties of the tensor X 
to make their application easier, in the following
.A'
\ /^  V - Cy Ac/ \ c/m V
Ï tX/A. =: 0
V a'- V =• —  V
ex'
/A V
(a) ^
(b)
(c)
(a) /
/(7.27)
8. Non-symmetric Affine Connection;
We now follow Einstein (1929, equation (5) ) in 
introducing the quantities
(8.1)
35.
To show that these functions form an affine connection, 
i.e., transform, for any change of the co-ordinates
, according to the law (cf. N.R.G. , equations
(2.1), p.3)
&  (a..,
we only need to prove that they differ from any other 
connection (e.g. the Christoffel symbols) by an arbitrary 
tensor (N.R.C., p.48). To do this, we note that
Xi/MV ^ A-AiZ/i- __ i/i/ y j Xi-IJB
Multiplying both sides by Ai;'^  and summing for t , 
we get
X & X‘/ Aj//4V =r Zx /vfy j X i A  XiIB
that is A  yny n -f (8.3)
using (6.3), (7.27a), which gives the required result. 
Relations (8.3) have been obtained before, using different 
notations, by R.N.Sen (1931).
We also introduce Einstein’s skew-tensor /\ ^  v 
defined by (Einstein 1929, equation (8) )
V /-VV   V y/U_ (8. 4)
using (8.3). Thus m y forms the skew part of the 
tensor V /uv •
36.
Denoting its symmetric part by I My  ^ i.e.
MV (8. S)
we get
% ^ r  /Av/ ^  I /I (8.6)
Hence (8.3) takes the form
A  At V —  ^ [ M y 1 ^  r HV^ 4- y  A  /LLV (8.7)
According to the above theorem, the bracket in the right- 
hand member of (8.7) forms a symmetric affine connection, 
since it again constitutes of the Christoffel symbols plus
the symmetric tensor • Thus (8.7) conforms with the
/
well-known fact that any affine connection in general, such 
as the f can be split up into a symmetric connection
usually denoted by y and a skew tensor denoted by
/S. (cf. Einstein 1951, p.l30). We shall make use
V  ’ •
of these notations later in the text, namely in sections
12, 29 and 30.
Absolute derivatives;
The notion of the infinitesimal parallel displacement 
of a vector defined by (7.5) can immediately be extended to 
this general case when the affine connection is given by
(8.1). But here the operation is not unique for a given 
, and we therefore, as in (Einstein 1945 and 1951, 
p.131), introduce the following symbols in order to remove
37.
this indétermination:
S = - ùt'oi.y fA <i.)L (8.8)
^ " = — ùA yo(A d. A  (8.9)
Corresponding symbols are introduced for the infinitesimal 
parallel displacement of covariant tensors as well as ,for
absolute differentiation. Examples of the latter are
I  y =  4"^)^ (a)
A- .^  y = -f A^v.xA^' (b)
-f- V ” A p y — A  A4 v> A o< (a)
A  AA j y ~  A/w) 1/ •— A  v'M A s< (b)
(8.10)
(8.11)
These two different kinds of absolute differentiation with 
respect to the .are to be distinguished from the
differentiation with respect to the Christoffel symbols 
{ V} by the fact that, in the former, tensor indices 
will appear with a sign underneath each (+ or -), whereas 
in the latter they appear without such signs, follov/ed by 
a semi-colon in both cases. For example
Î - A^v.) j* - (vf 1 o/ i- ] P A  V
X The derivative characterized by the (+) sign is the 
only one used by Einstein (1929).
38.
where the comma as before denotes partial differentiation.
The divergence of a tensor with respect to the  ^ ,
in its two types, can be related to the ordinary divergence 
with respect to the Christoffel symbols by the relations
A  ^  ; y ^ (8.12)
A^ 3 v’ == A 3  ^ (8.13)
which follow from (8.10) by using (8.3) and (7.27 b, c).
Now considering, in particular, the (+)- derivative 
of the quadruplet vectors \ i / ,  we find according to 
(8.11 a)
\ i J M   ^V  —
- —  1A lÀiza
= ^  0 (8.14)
using (8.1) and (6.2). Similarly, using (8.10a), we can 
show that
3 y ^ 0  (8.15)
This shows that defining the A  S by means of the 
expressions (8.1) is sufficient to make the (+)- derivatives 
of the quadruplet-vectors vanish identically. Conversely 
any set of the 64 equations (8.14) or (8.15) is sufficient 
to determine uniquely the 64 coefficients of connection 
V • This follows directly, since (8.14) for 
instance gives
39.
—  A'/aV Xi / 0 = 6 (8.16)
\ ùi.Multiplying this by AL/ and summing for c , v/e get
V 'X
using (6.3). Hence
A°^AAy = Zi \ i d h h < Æ  
which is the same as (8.1) above#
Also since, according to (7.1), (7.2), we have 
8/a. V ~ p 3^  - ^L \i/^
it follows from (8.14), (8.15) that
 ^ ^  ^ ^ 0  (8.17)
Thus we can lower or raise indices underneath the
( + )- differentiation sign. We notice that each of these
identities represents a set of 40 equations only, for
â/jLV is symmetric. Consequently they are not sufficient 
I :
to determine the A  S unless the latter become symmetric.
From (8.15), it follows that the (+)- divergence of 
the quadruplet-vectors also vanishes identically. Hence, 
according to (8.12) we get
- Xl/ ;y ^  Cx - 0
Therefore
 ^7
where c.» is the local mesh-vector of Levi-Civita and 
defined by (7.19). Hence we get as before in (7.22)
^ X u/ V (8. is)
4 0 .
where X C/ ^  j v E (Xw is the divergence of Xc/ 
with respect to the Christoffel symbols*
Absolute parallelism (’teleparallelism’);
1M
The conditions for a vector A to be parallel with 
respect to a curve C defined by
( i  ) I V =0,1,2,3 ) (8.19)
are given by (N.R.C* , p.13)
X ^  ) - )T ( 37 + ^  )=0(8.20)
Here again the conditions (8.20) involve two different 
kinds of parallelism which may be distinguished by using 
a (+) sign or a (-) sign. (8.20) are usually taken to
A
define ( + )- parallelism, and if we replace the A  /a y by
the transposed coefficients
<KA  /«. V = A  V /w. (8.21)
we get the conditions for (-) -parallelism. These 
notations are originally due to E.Cartan and J. Schouten 
(1926).
Now, in particular, we consider the quadruplet-vectors 
X l/ ^  . Prom (8,15), we have
U /vM
d X
for c = 0,1,2,3. At the points of the curve C defined by
(8.19), we can treat the S as functions of the parameter
t only. Hence multiplying (8.22) by d 41 we get
d t
... + Xc/^ 0 (8.22)
n V ^
41.
/A .M . A
Ù  oi B X:/ éJL- -  0 , (8.23)
t  ol t
It follows therefore, from (8.20), that the quadruplet 
vectors ( i = 0,1,2,3) form a set of (+)- parallel
vector-fields with respect to the curve 0. But this is 
also true with respect to any other curve C, joining a pair 
of arbitrary points P^ Q in the quadruplet-space, and 
defined "by expressing the )i*s as functions of a parameter 
t. In other words, for a given L = 0 ,1 ,2,3 the 
quadruplet-vector hi j at P and the corresponding one 
at Q (Q any other arbitrary point in the quadruplet-space) 
are (+)- parallel with respect to every curve joining P, Q 
and consequently they are said to be absolutely parallel 
(Eisenhart 1933, p. 193). Hence the vector-fields 
( L = 0,1,2,3) throughout the quadruple t-space may be 
thought of as obtained uniquely from the four vectors 
\ l f ^  L at a point P^  of co-ordinates
( V = 0 ,1 ,2 ,3) by (+)- parallel displacement. This sort 
of * distant parallelism’ has been called by Einstein 
’teleparallelism’ and has led Robertson (1932) to call 
’quadruplet-spaces’, in the sense given in section 6, by 
’spaces with absolute parallelism’.
Now any other quadruplet , which may be
used to define the structure of the quadruplet-space, has 
also to be associated, by (+)- parallel displacement, with 
four independent vectors Ac/ I at P^ .^ Thus we have
4 2 .
now, at , the two sets of 4 independent vectors
(i) \ l (, Ko) associated with the original
quadruplet \i/^  (x) ,
/ _
(ii) Xt/ I Xo) associated with the new
quadruplet •
Hence the latter must he delated to the former by a linear
combination with constant coefficients, say. But
since both sets at Pq (l), (11) are transferred to their
associates at any other point Q of the space by parallel
displacement, we must have at Q a similar linear
combination with the same constant coefficients  ^viz.
c. 1) citj Xg (x) (8.24)
= consts.
This result, giving the conditions of ’equivalence’ for
\ ^  i \ / yU
the two quadruplets AC/ (x) and At/ (x) in
defining the structure of the space, has been given briefly 
by Robertson (1932, equations (1*1) with a slight 
difference in the notation). However, we are going to 
derive the same result (8.24) using a different approach 
according to which the constant coefficients must
satisfy the extra conditions^
It
X These conditions have been given by Robertson (loc.cit. 
equation (1.14) ) for Riemannian spaces only.
4 3 .
Before leaving this part, v/e wish to note that this 
picture of the equivalent quadruplets and their associates, 
by parallel displacement, at a given point of the 
quadruplet-space may afford a kind of generalization to 
the recent work of A.G.Walker (1949, 1950) and that of 
H. 8.Ruse (1949) on the ’parallel fields of planes’ in a 
Riemannian space.
Curvature tensors and identities;
r> ^  '
A curvature tensor K m  ^  can also be obtained in 
the case of the non-symmetric affine connection ZA /A v 
by parallel displacement of a vector along the boundary 
of an infinitesimal surface element (cf. N.R.G., section 10 
p.22, and p.5):
R /a ); <r =r A' yu G"^  V — a' f^v pir + A/aV A(<(r( 8.25)
Where the comma denotes partial differentiation as before.
/A V (TSimilarly we have a curvature tensor R m. vfr corres-
ponding to the transposed connection i S = t S y/A. 
defined in a way analogous to (8.25).
Now since the quadruplet-space admits the four 
linearly independent fields of absolutely parallel vectors 
X V/ ^  ( I = 0,1,2,3), (in the sense characterized by
the (+) sign), it follows (N.R.G., p.19) that
R^ yoivo- = 0 (8.26)
This result, however, could be verified identically if we
4 4 .
substitute for A"*^ aaV from (8.1) into (8.25), giving 
(of. Einstein 1929', equation (2) )
It can be shown (Einstein 1930, equation (9) ) that the 
identity (8.27) will give rise to the identity
( /A t A V t Ayw V ;  r-W(/l ViX A (8.28)
-vAVc^ Avff-) ^  0
where we have put the (+) sign, denoting the kind of 
derivative, underneath the index of differentiation instead 
of putting it underneath each of the three tensor indices, 
i. e.
V (T j /U zz. A  (8.29)
A  0(
and A  V is Einstein’s skew tensor defined by (8.4),
namely
A y z: % /uy ^ Y y/A (8.30)
A special case of this identity can be obtained by 
contracting (8.28) on and 6 . We first contract
(8.30) which will give
A  M 0< = C yUL
(8.31)
1and A ^
using (7.27, b, c). Hence contracting (8.28) we get
f\ vs- U  t V 6- A S  0 (8.32)
+ t +
This is the same identity given by Einstein (1929, equation
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(3a) ) with his vector in our notation* We
shall derive this same identity in two other alternative 
ways and in different forms (see section 10, .p, 56 and 
p# 65 , and section 11, p. 68 ),
Equivalence of two quadruplets;
Returning now to equation (8,26), we observe that, 
the differential equations given by
= 0 (8,33)
are completely integrable, since the conditions of their 
integrability
—  {T" =: X t X t /  O' V Û (8# 34)
are satisfied identically in virtue of (8,15) and (8.26). 
Hence equations (8.33) admit 4 independent sets of 
solutions forming four absolutely parallel vector-fields. 
The solutions of (8.33) are here given by the quadruplet- 
vectors X ( i  = 0,1,2,3). Moreover any other
solution of (8.33), say , is a linear combination
with constant coefficients of the four sets chosen as the 
original solutions, i.e. Xly^ (cf. Eisenhart 1933, 
pp. 113-114 and p.193). Hence we get
X 6/ ( =: Ig a^ 'j Xj/^(.x) (8.35)
where 01 are constant coefficients, and both sets of
y
solutions are functions of the same variables X .
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Now, since the quadruplet-space is an affinely 
connected one, as shown above, its structure must be given 
fundamentally by means of its affine connection, say
A*^ /uV • By the ’’structure” of a space we mean all its 
intrinsic characteristics: its curvature, all derived
vectors and tensors, paths (geodesics), groups of motions, 
••• etc. This conception is often expressed through 
Eisenhart’s books (N.R.G. and ’’Continuous groups of 
transformations”, 1933) but not strictly. It has appeared 
more rigorously and clearly in Schrodinger’s series of 
papers (1947, 1948) and especially in his recent book 
(1950). In the present case the affine connection
( /u V ) is determined in terms of the vectors of a
quadruplet vector-field by means of the equations 
>1/^3 V =  \i/°' = 0
Hence any quadruplet whichynay be used to define the 
structure of the space must be a solution of these 
equations, i.e. of equations (8.33) and must preserve the 
affine connection AT /lk v itself. In particular if two 
quadruplets t and Xr/^(x) , say, are used to
define the structure of the space, they must satisfy the 
two conditions:
(i) They must be solutions of equations (8.33) and 
consequently satisfy the relations (8.35).
(ii) They must preserve the affine connection A  •
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We notice that condition (ii) has hot arisen when we 
follov/ed the procedure suggested by Robertson. This 
condition implies that if we introduce the functions
y c V /A
A  KV t ^ , defined in terms of the quadruplet Aly(x)
by relations analogous to (8.1), we must have
A z: A / ^ v ( ^ )  (8.36)
But we have
A  / c V  ~  I t  At/ X c / M
) y.'’
=  (8.37)
using relations (8.35) and those obtained from them hy 
lowering the index a*' . But, from (8.1), we can easily
get
i_AïL/fi =  \m//3 A  /Av (8.38)
Thus substituting from (8.38) into (8.37) we get
A  aav(x ) r A/tivCx) X p/ Xm/£ (8.39)
/ C/
Hence (8.36) will be satisfied, i.e. Ù  v (x) =ZAm''(x) ^  
if and only if ^
1 t g m d_L^  0-L m X f/ X rn/ ^ jg (8. 40)
Multiplying both sides of (8.40) by Xf,/o< X t/ ^  and
summing for «y , ^ , we get in virtue of (6.2)
IfPw f eh =  X hi;
that is It O-ti* O-t I; = ^(,1, (8.41)
hi / (y) ^  Z J A  ^ / i y)
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(8.4l) gives an extra condition to be satisfied by the 
constant coefficients appearing in the relations
(8,24) or (8.55). Hence the conditions for the two 
quadruplets , X I x.'i , both in the same
co-ordinate system , to be equivalent are given by:
(8.42)
We may note that the same conditions (8.42) can be 
obtained if we ^ follov/ a similar procedure using as basis 
the symmetric connection of section 7 (i.e. the Christoffel 
symbols ( \ ) in place of the non-symmetric
connection m v • We have adopted the latter to be
able to make a comparison with Robertson’s work. The 
equivalence of the two connections to describe the 
quadruplet-space completely will be made more clear, in 
sections 10 and 11 below, where we shall show that the two 
connections with their associates are capable of producing 
the same set of tensors (second order).
Generalized coefficients of rotation:
Quadruplet invariants, which may be considered as a 
generalization of Ricci’s coefficients of rotation 
defined by (7.11), can also be obtained in this case of a 
non-symmetric affine connection from the derivatives of 
the quadruplet-vectors. But since, according to (8.14),
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(8.15), the (+)- derivatives of ihe quadruplet-vectors 
vanish identically, we only need to consider the (-) - 
derivatives. We notice that
Xt./M5v s? X l U n  _^ X  L/ —  A  X(
^ y<L / h-
-  r,,
c) \i/M. _ )
\  i / / H  V --  X  i / V' /A
/A
(8.43)
using (8.1) and (6.2). In (8.43) } i v denotes as
before the derivative of \ i l H^ with respect to the
Christoffel symbols. Hence the invariants
= ( Xty/AV - Xi/v/uil 
—  ^i H I? — L 4 /n (8.44)
using (7.11). But from (8.4), we have
A  V :r, Y  /A V —  Y  V o(
Taking the associated mesh-tensor of both sides, by 
multiplying by Xu/oC X and summing for ,
, V , we get
/a v  Xt/ o i  =  l Y  -  Y  v'/a ) X:/o<
that is A Ù k 4 = - t c k h  (8.45)
Where is the mesh-tensor associated with
and defined, in accordance with (6.10), by
Achfe =  /)\v Xc/x Xk/ Xt/"" (8.46)
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Since A  xw is skew-symmetric in A , v , or else as 
seen directly from (8.45), the mesh-tensor is
correspondingly skew-symmetric in h, k •
From (84 44) and (8*45) we get
Alkt = (8.47)
showing that the invariants are the required
generalized coefficients of rotation. In fact they are 
exactly equivalent to the Ricci’s coefficients YtKk 
in the sense that they are capable of producing a set of 
mesh-vectors and tensors exactly the same as could be 
derived from the Y ’s. This fact will be made clear in 
section 10 below and in the light of the following relations, 
Recalling the fact that Yi. k skew-symmetric
in I , h and taking i = k in (8.45), we get
Athi = ' i chi (8.48)
Hence
Y ^ I. hC ( 8, 49 )
Thus showing that if we contract the generalized 
coefficients (local mesh-tensor of the third
order) over c y k we get, as in the case of the Ricci’s
coefficients, the same local mesh-vector (Levi-
Civita’s vector). Also from (8,45), we get the two 
relations
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14 — Atkk t A k i k (8.50)
2 ^Ck h — tAcJ^h-- A/jJK)'V Av»1? i ( 8. 5l)
which can he verified hy substituting directly from 
(8.45). Thus we may sum up the relations between the new 
coefficients and Ricci’s coefficients of rotation in the 
following:
— ^Lhk — (a)
A Lk I ~ Y L Vi Î. (*b)
t AjqCk Y k c (c)  ^  ^ ^
(/l.'Ak -  + 2 (a) J
These relations have been given before by R.N.Sen (1931).
They are here reproduced using alternative methods and 
different notations and forms relevant to the present work.
9. Tensors of the Second Order
We think it convenient to explain, in general terms, 
the scheme we shall follow in deriving the various tensors 
(second order) for the quadruplet-space. We have, as shown 
above, two alternative ways of describing the quadruplet- 
space :
(i) by using the symmetric affine connection 
with its associated mesh-members - Ricci’s 
coefficients of rotation and Levi-
Civita’s vector l - discussed in section 7, or
52.
(ii) by using the non-symmetric affine connection
with its associated mesh-members - the generalized 
coefficients Alkib .^nd the same vector 
discussed in section 8.
We shall show that these two means of describing the
quadruplet-space are equivalent - in the sense that each
of them is capable of producing the same set of tensors that
can be derived from the other.
As we are examining quadruplet-spaces with the purpose 
of applying them in physical problems and particularly in 
extending the general theory of relativity, we shall only 
be concerned with tensors of the second order. In this 
case, we also have two ways of procedure for deriving these 
tensors:
(a) by forming a curvature tensor and contracting 
it in the usual way, or
(b) by forming mesh-tensors in the way introduced 
by Levi-Givita (L.C.)•
We notice that the first procedure is to be applied to the
affine connection directly and produces world-tensors.
whereas the second is to be applied to the fundamental
mesh-members derived from each connection and produces
mesh-tensors (invariants). As the mesh-members of (i)
are exactly equivalent to those of (ii) in view of relations
(8.52), procedure (b) is equally successful when applied to
both - it produces the same set of mesh-tensors. This
shows the equivalence of the two means (i) and (ii) of
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describing the quadruplet-space;
On the other hand, we observe that applying procedure 
(a) to (i) will not, as well-known, produce any tensors 
other than the Ricci tensor G/uy used in standard 
general relativity theory. But when applied to (ii), we 
obtain a set of world-tensors which corresponds to the same 
set of mesh-tensors derived by following procedure (b).
This result is of a two-fold significance. On the one hand, 
it shows the equivalence of the two methods of derivation 
of second order tensors, and on the other, it proves again 
the equivalence of the two ways of describing the space.
However, we shall derive our set of tensors in two 
different v/ays according to the following scheme. We 
shall first, in section 10, apply procedure (b) to (i) and 
then, in section 11, we shall apply procedure (a) to (ii).
It will be seen that the first set of mesh-tensors, when 
transformed to world-tensors, is exactly the same as the 
second set.
The scheme outlined above has also an interesting 
result. As mentioned above, both Einstein (1929) and 
Levi-Givita (1929) have used a quadruplet-space (Riemannian) 
for the representations of a unified fieId-theory in two 
different ways. Einstein has described the space by using 
the non-symmetric connection A  and has used world-
tensors in formulating his theory, whereas Levi-Givita has
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described the space in the same way as in (i) and has 
derived his tensors by following procedure (b). Thus 
the work of the following two sections will show the 
equivalence of the mathematical formalism in the two 
theories, although they have produced two different sets 
of field-relations. We may also note here that the two 
theories could be developed formally without any need for 
the space to be Riemannian.
10. Mesh-Tensors;
Now the fundamental mesh-elements obtained in section 
7 are :
(i) the local vector
(ii) the local tensor YhCfc
(iii) the differential operator ^  ilcy
From these, as in (L.C. ), we can form two tensors of the 
fourth order, namely
Xû&A ; 
VAs ^Ckh is skew-symmetric in I , k, we have only two 
ways of contracting these fourth rank tensors. First by 
setting h=l and thus giving two purely skew tensors
L k  - (10.1)
G( S
(ik - Zf, Ck Xc k k (10.2)
In the second place, we can contract them hy setting g = C ,
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and thus we obtain a pair of non-symmetric tensors which 
may be given by
ïi,ik ;
These can be split up into a pair of skew tensors and 
another pair of symmetric tensors. Hence we get
n J.T ^   ^10.3 )
».
I Y — Y A 4c ) (10,4)
and
Cj^ C Y Y h k (10,5 )
s- r hck ^ i )  (10.6)
Lastly we can apply the differential operator (iii) on the 
vector C, and thus get a non-symmetric tensor of the 
second rank which when split up into its skew
and symmetric parts will give rise to
On the other hand, the symmetric tensor defined
by (7.1) and the Christoffel symbols obtained from it will 
give rise to the Ricci tensor G/t^ y • Forming its 
associated mesh-tensor
(^Ck -  \c / (10.9)
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it has been shown by Levi-Givita (L.C. equation (lO)) that
Cnii. -  2-k (10.10)
where (L.C. equation 8, and Eisenhart 1926 equation 
(30.7), p.98)
Thus we get
G\ik = - 4"‘i. 2k fLXkUs. _îgCg )(ei> (10.12)
<A d
But since G/xv is symmetric, must be symmetric.
Noting that the last term in (10.12) is a purely symmetric 
mesh-tensor* we therefore deduce that the sum of the skew- 
symmetric parts of the first three right-hand members must 
vanish identically. Hence we get the identity (apart from 
a factor - 1 / 2. )
I (10.13)
i.e. t-4 ' Y ' 4' = 0 (10.14)
It will be shown later that this identity, when put in 
terms of world-tensors, is the same as Einstein’s identity 
given by (8.32).
From (6.13) and (6.12), we get
aijj ^  t,,, -+ (10.15)
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where is a new symmetric tensor given hy
(10.16)
Finally, by analogy with we can form the non-
symmetric tensor
^ é'h Y L iif ak
which may be split up into a symmetric and a skew part 
giving the two new tensors
 ^ i 't' YkgL ) (10.17)
Hik — r FA ( (10.18)
We may note that the symmetric tensor 5/uy does not give 
rise to any new mesh-tensors since its associate, as 
seen from (7.3), is merely . Hence all mesh-
tensors of the second order can be summed up in the 
following table.
T A B L E  I 
MESH - TENSORS
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Skew tensors Symmetric tensors
»i/« ~ i^-kh
Yi k = ï h ^ X Ï h i k - ï h h l )
ki:k^ - ZfA ( »kf Xhgk '
A *  = z:kCk( f Xkki )
Vih = If, ikîii + 'ihk^  )
Hhtk +^khf
< ^ i k  ~  Z ( h  X k f A
Identity ick •+ tik -  y^ -Ljk =  0
The actual number of the independent skew tensors is five 
and not six on account of the identity
^ lA ^  ^ k ^  0
Similarly the actual number of the independent symmetric 
tensors is also five since Is given in terms of the
others. We also notice that the top tv/o skew tensors have 
no corresponding symmetric ones, and so also the lower two 
symmetric tensors have no corresponding ones in the 
opposite column.
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We observe that all these derived tensors, shown in 
table I, are either of the second order in the 
e#g. /L , *7cA 9 f or of ffte first order
in their intrinsic derivatives, e.g. ,
9ct , .... These, as shown in section 20 below, 
will prove to be just of the right order required in the 
physical applications to be considered in the following 
chapters. But it is clear that we can go on indefinitely 
forming tensors of order two by starting with tensors of
orders 6, 8, 10, .....  and contracting them twice, three
times, ...., in the manner used in deriving ,
KCA above. All the complicated tensors of order two 
derived in this way, e.g.
A Ù =. ZZgiri M ^ S,Ji Y t £ h ^
are easily seen to be of a higher order, as they actually 
amount to multiplying two or more tensors of the above 
list and contracting the resulting tensor. Hence they will 
be undesirable for physical purposes. Consequently the 
list of second order tensors given above, as well as those 
to be given in the following section, are only complete in 
this sense, the sense required by the physical applications 
of this geometrical structure.
The tensors , Vc/  ^ are the only ones given
by Levi-Givita (L.G. equations (12), (15) with the same
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symbols)• The other tensors are not mentioned by him.
We than proceed to give the world-tensors corresponding 
to the above mesh-tensors in order that we may be able to 
compare them with the world-tensors to be obtained from a 
curvature tensor in the following section. To do so we 
are going to make use of the well-known fact that the 
partial derivative of an invariant is equal to its absolute 
derivative with respect to the Christoffel symbols. For 
instance we have
- 5 hi/ +• Xt/ixj
where C« ^  denotes the absolute derivative of 
defined by (7.6). We are also going to make frequent use 
of the relations (6.3), (7.27), (8.3) and (8.4). Now, 
we have
S14 =  ^A ^A XA/ Xa/
= d  yi/<xfi (10,19)
and hence, we have
Û
zz. C It \ u / \ c / y
= /
(X
/>■
Cjs Y/U.V ^  (10.20)
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ick ^ I'b \h/ j I
=. U  (, >.,:/'^ X;,/ Xh/fi- ) j
— I/, I k/ Xk/C" Yx/-( Ac/ Xilj/ y y
f Xfc/^ I/, X(,/^ Xi,/(hÿ
— ( Vor/f ^ Xt/°^  Xfe/'^ )j> + C 0-'^0^(8'' XZ/'^ Xlç/'^  (10.81)
Hence
(/lA. y — Y/KV ^ ;  J t  Yô '^/j ( i y  Xi.//i\ Aif^ f + ^  Y A X^/y
t Co- Y /A. y
- 'î^ Vî (10.22)
since we get from (7.13)
z i X t /a^ X f* / j ~  Yyu y — - Y /X J
and C O'" Y (T j
Therefore we get
)/ zr V/A. V  ^4 4
= XV y~ n  ■+ V' V (10.23)
4 +
=. y ^ (10.24)
since the second and third terms on the right-hand side of 
(10.22) are seen to cancel each other hy changing «y to 8 
in the former, which will become
Î
‘j ^  vT/w
Î
e  If, (f, Xii/g (. X Xt«'/
A
A (10.25)
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Hence we have
i/uLV~C^Ao(/3 2 t //A Xc/ YIv/v Xa /^
ÿ
A /i-vv
 ^I A — ( C v X(,/'^ — \c/ ^ (C^ ^  4/"^  ) j*
n=r C o.' V' ( X C / X k / ^ ~~ X ( / ^ X A/ ^ )
+ ( X k/  ^ X c/c^J — X X k/o<r ^ )
Hence we get . (
6 y\\ y tr Cm v — ^^^ v/a -V'C (^vi(.Xty/-^Xt^/û^S*
— S yW. X  ^X k y y ^ h / ^  ^
(10.26)
C<
(-/A V -
— C/VAV .
6/l-v. V
zr t /A V
Cm  ;
4-
get the 1
V
V/Ll
V)
V yAA: / /VA lA
V . '=<' , X
y XL
(10.27)
-V 1 V — ^ vM
(10.28)
Also from (10.26) and (10.27) we get
/^^ Ay "t ^ V - Q/u * V  ^yvA *t ^ /-V V ( 10. 29 )
+  4-
X X ^ / < r -  Xi/^  Xjk/^  ) Y 
- I}, Xk/^ Xa/o- lA'Te^ /y Xi/ Xfj/ )j
+ Xc/Xfc/V'AAk/VA/rÿ
(10,30)
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Therefore
%  M V Z: /\^ M V i t o<  ^Ù V 1 L X L/M > c / ^
+C. r,, \A/y x t A k ' C ^ 4 y
=. /! V  V ; Î — Y A'Ç X M\j — Y Vf /) /u/j + i  ù-^  h /« V
= /' /' V ; î (10.31)
Also Yyuvr A ' /XV,’S + (10.32)
4" ^
-z. A  /VA vif — ( X M  f Y <y y — Y yj Y o( M V ( 10. 33 )
when the right-hand member of (10.32) is written 
explicitly.
To find out kxi ^ , we notice first that
Z =. ( Y X'V )( Ycry^ i Xr/^ Xfe/ )
z 0^ 3^^  Y of /A y V<r-j’/^Xw Xk/^
\y O' V  V , \ V ^=r 0 of V 0 tr- />' A c / X ^  /
^ 'i‘^ ^ v V  <rfi u f  bk'f
f - ÿ V . /)
=: H o(%'i C-P X w  >k/ (10.34)
by changing the dummy index y to ? .
Hence, we get
KtjX zr t \ 6( ÿ Y (T'yd' Y /? f i 5' XtV X 4/ ( 10, 36 )
Thus  ^  ^ ^
V-v - Y yx çX'Vv —  Y Vf y (10.36)
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We nov; turn to the Symmetrio tensors. Making use of 
all the algebra used in the skew tensors, we simply get
(10.37)
 ^y 4- C y J /A.
(10.38)
(10.39)
Therefore
where
“ I ’ M V i Î  -  ( Y X k  V 4-Y V f Y (X /A )
_ 2 Y ^/vA <f Y ^ V .y -t 
Yxx V = — "^ /AV - 2 a'/tv + (lO«4l)
X  v! A
Q y  y = X /Wi^ ï 0<y + V  yf%o(.A'^/^ î
\J ^  < V *
0  J V Z  3 5 5 V y
Lastly we have from (10,15), the Ricci tensor
fj^\) cr. ^ — V'' ' '^A’-V )
(10.42)
(10.43)
(10.44)
y y j
z JL P'*' A'V. V I y — 1.\q. M y V t C V ; M" ) 4r Y Y y«x( 10» 45 )
2 4 + 2. 4 4
2=. -1 P^ /U V 5 y — 1 ( C y 4- C i/yvi ) — "X P M  ^
-L ( Y Y .yy t Y Y pi-M ) (16» 46)
The identity (10.14), when put in terms of world- 
tensors, will take the form
Y" M y V /^A.v ) — 6 (10.47)
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which gives, in virtue of (10.29), (10.32)
A? _f\ MVj? -  ^4- C viM =  0 (10.48)
which is the same identity (8.32). Using (10.28) instead 
of (10.29), the identity will take the form (Einstein 
1930, equation (l) )
?
Ayl\v3? —  (CyuL;V - ^  0 ( 10. 49 )
4
i.e. yuL y    ^0 , V — y ) M ) = 0  ( 10. 50)
11. World-Tensors;
Using the curvature tensor (8.25)
R M ^ (T ^ A Ù- J/ y — A." /A ^ 4- A  y\(TIS y 1/ — A  MV ( 11, i)
we can derive tensors of the second order by contracting 
it in the usual way. Now recalling, as in (7.8), (7.27 b,c), 
that
(11.2)
y
% /«. (,/ = CyM. , \  C< ~ 0 (11,3)
Where the left-hand member of (11.2)'is summed for o- , 
we get from (11.l), by contracting on fc ,/u
ycr = i. a - , V - /Ê  i y )(T- -  - LffVX (11.4)
Which is seen to vanish in conformity with (8.26). But
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v/hat concerns us here is that neither of its right-hand 
members is a tensor*
Contracting (11*l) again oh ^ ^  , we get
R - -'MW t j j
+ Y /it +io<M Y V"m v  (11.5)
where Is the Ricci tensor with respect to the
Chris toff el symbols | I • Interchanging the
dummy indices € , in the seventh right-hand member
of (11.5), we get after some rearrangements
 ^ M V (r —- Lr) A'V y 'i~  ^yi v j W "t' - /a. v — 0 W j ^
 ^ C t"
—  X A*.o^ X V € (11.6)
But (11.6) may Be split up into:
symmetric tensors: ù ? X/a v Ï vé- (11*7)
non-symmetric tensors:
C/A jv ; Co< V ) Y ) 6 (11,8)
t
By analogy with the last two members of (11.8), we can 
form two skew tensors given by
 ^ X / A V ^  J / j f ( 11 * 9 )
4-
In addition, if we express (11.5) in terms of
derivatives with respect to the Christoffel symbols, we
V 'X" (-
have another non-symmetric tensor given by o X vv*
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Hence by splitting up the members of the non-symmetric 
group (11.8) into their symmetric and skew-symmetric 
parts, we get the following set of world-tensors:-
T A B L E  II 
World Tensors (l)
Skew tensors Symmetric tensors
/A y
^ 1/ c C 5 W — 6-  ^/A
+ -V
y c: X A X (XV — 'X 6 X X/A
V =: /^U ^ V 4- C V»
4- +
~ 'X /A (- X o< V y K f X c/ 
=: X /A<X X we
^ ^ /ivy ^  i Y/y W - 2 4tYW^aV
0^ V — 2- {) X (ti / M / W
Identity
This is exactly the same set of tensors corresponding to 
the set of mesh-tensors obtained in the previous section.
To make this section entirely independent of the 
previous one, we may as well obtain the identity (8.32)
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and also the value of in terms of the other
symmetric tensors.
The contracted tensor given "by (11.6) must vanish 
identically in virtue of (8.26), and therefore its 
symmetric as well as its skew-symmetric parts must vanish 
identically. Hence we get
V ‘ ^
0 H  y - X 4 jV t
- + 4
t "2 r M-V  ^P MV ; (: (ll.lO)
and
0 2  ^P M-V J) 6 — ,^a,A ? V 4 C y j A (ll. 11 )
From (11.10) we have
V = - 2 y - 4  +Y (11.12)
which is the same as "before in (10.44). The identity
(11.ll) is also the same as (10.48) apart from the factor
-i*
Now if the quadruplet-space is to "be Riemannian with 
9^ y representing the components of the metric tensor, 
it may "be desira"ble to descri"be the space "by means of the 
symmetric affine connection, i.e. the Christoffel-"bracket 
{ } 9 only without any need for introducing the
o/
A m w with its associated derivatives. In this case, 
we must only use the ordinary covariant derivatives in 
the formulae of the derived tensors. Consequently it will
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he more convenient to make a suitable re-arrangement of 
the world-tensors in table II which will give the same set 
of tensors but in a different form. ' As some tensors, in 
the resulting set, will not retain their forms of table II 
but will be decomposed into various parts, we shall not use 
any names in the following table.
T A B L E  III
World Tensors (2)
Skew tensors Symmetric tensors
r /A y
Y
V
r PI yu. y
l
0 Mf  ^xyt 0 b M
Y"" V? ô ^ y A ycx
G/,y 
.4
Identity sc,
Lastly, we observe that in physical applications one
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is usually confined to the tensors which are only derived 
from the curvature tensor by contraction. In the general 
theory of relativity, in particular, these tensors are 
usually held to be of some importance (cf. Einstein 1951, 
p. 135). If this is the case, the number of the independent 
world-tensors as given by Table II or Table III will be
%
slightly reduced. We can reduce it still further by 
making a suitable re-arrangement of the terms of the 
contracted curvature tensor (11.6) instead of decomposing 
it into all possible bits which may form a tensor. The 
minimum number of tensors obtained this way corresponds to 
the following form of (11.6)
R \ y (  =G)m v + - Y /««Y yé (11.13)
4- t 4
Considering the skew and symmetric parts of the second and 
third members on the right-hand side of (11.13), we get 
the following reduced list:
T A B L E  IV 
World Tensors (3) ^ (Reduced list)
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Skew tensors Symmetric tensors
) W C
if
+  4
V •*- ; V tC j/J vv
if .
i.jJ
+ 4-
/i .
/AV
i 0/L<v -!r 1 Ip T Gy y2 d. 'Mv
~ ^ (. X L y /l A \ i / y
Identity /UW a  /)
This shows that if we confine ourselves to tensors 
(of second order) derived only by contracting the curvature 
tensors, we get by a special re-arrangement of the terms 
three independent symmetric tensors (apart from the 
fundamental tensor) and one skew tensor.
12. Hermitian and Anti-Hermitian Tensors;
A new class of tensors has been used in the recent 
attempts to formulate a unified field-theory by Einstein 
and other writers (for example, Einstein 1951). These are 
called hermitian and anti-hermitian tensors. According to 
their definition, to be given below, they can only be
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derived for a space which is described by means of a non- 
symmetric affine connection. As the quadruplet-space 
is one that can be described by such a connection 
(section 8), it is, therefore, of interest to show that 
we can obtain a set of such tensors.by a suitable re­
arrangement of the world-tensors derived in the previous 
section. Moreover, we shall use these hermitian and anti­
hermit ian tensors to formulate a possible unified field- 
theory which is formally similar to that proposed lately 
by Einstein (1951).
Now splitting the non-symmetric connection 
defined by (8.1) into its symmetric and skew-symmetric
.oC ^
parts denoted by A  /av and m  v respectively,
—  V
i.e.
l \ ^  (12.1)
we have, from (8.7)
A  ^  (12.2)
r = Î
o(
We also recall the fact that A / w  is an affine 
connection since it is composed of the symmetric connection 
and the tensor F  /u y By simple addition. 
From (12.2) and (12.3), we have By contraction
A' d A  oC AX c:. -the... (12.4)
—. A  ^ M  
V
= 1 C/A (12.5)
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using (7.8), (7.27 b, c). The transposed quantities 
JCK y are then given by
M V - L\ \jf^ ~ A  yuw t (- A  M W ^ (12.6)
using (12*1). These are seen to form another affine
A**'connection since A  /x v is an affine connection
(symmetrical) and A  is a tensor as seem from
(12.3). In fact, the above derivatives designated with 
(-) sign, in section 8 above, and defined by (8*10 b),
(8.11 b) may be considered as (+)- derivatives with respect 
to the transposed connection A  •
Definition: (Einstein 1951, p.134)
o(
Any quantity expressed in terms of A/tw , 
say, is said to have *hermitian symmetry* with respect to 
the pair of indices m , V if it goes over to itself when 
the A  S are replaced by their transposed % ,
and the indices , >> are interchanged in the resulting
expressions. If it is transformed to under such
changes, it is called * anti-hermitian*. For example the
tensor
f \fxy — Am'x'jW — a  VoCjM ( 12.7 )
^  V  V ^
where the comma denotes partial differentiation, is 
hermitian, since we have from (12.6)
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A V oC p M M o/ j V zr. — Z\ ):) 0^ j /A T A /A k V
V V V
- M Y/
whereas
^ yiA V y.X ûZ ^ j/ V^ 9C ^ (12# 8 )
is anti-hermitian, since
& V /.X S A  V_2$; ) /*4. — "Â y*/od V zr A. y t>< ^ AX — ZX ; w
(it will he shown below that Ayv, y / 5/..vW are
actually tensors).
Also any quantity A/xV formed from the A  axw 
can be decomposed into a hermitian and an anti-hermitian 
part according to the scheme
xv> ^  \
Ay.,vv = L ( Ayuiv t AyyiA ) t  ^ - AyyvA ) (l2.9)
Now, we proceed to find out all possible hermitian 
and anti-hermitian tensors that can be derived by 
contracting the curvature tensors. We have, as pointed 
out above, two curvature tensors corresponding to the two 
connections y^y and A  y = A  vy^A >
namely
- A  A Aofcr (IS.IO)
A4 y 6- z: A  M ^ y A  A o-/a A yor - A v/A Ac-ûc ( 12^  qq)
e
We may note that while K /^ V<r SO , according to (8.26), 
we find that in general R // ycr #' • Hence
#■
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contracting (12.10) in the usual way, and making use of 
Einstein's results (1951, equations (17), (18), p.167) 
and allowing for the difference in sign between his 
curvature tensor (equation (14), p#165) and (12.10), we
get ■ ^
f y zf" A )/ ^ cr <1 ^ y } IS V fe > 'j*' ts cr  ^ji' )  ^qg qg ^
k /\A )/ ^  ^M W •+ 1 { A  ; y — A  ÿ 6; ) ~y  ^A^/A 4 y V — A  y  yfA )
V V  —  —
** y ( ZA” M V t A  V e ^ A. - 2 Ac- V A  M w ) (qg, qg )
Where ^  ^ ^
RMv' =- - A  /ag + A Mc/ A  (-1/ t L- A  M épW i' A  V )
- A  m W (12.14)
It is easily seen that each of the brackets on the right-
hand sides of (12.12), (12.13) as well as R ^  is a
tensor. The first bracket in (12.12) is a tensor since
Af 1/e ^ A  y (12.15)
is a vector^ and therefore the second bracket is also a 
tensor. The first two brackets of (12.13) are analogous to 
the above two tensors, and the last bracket is easily seen 
to be
rr 1 ( M 5 W *t A  ')
6 +
where the semi-colon denotes, as in section 8, differentia-
tion with respect to , Qnd hence is a tensor.
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Thus all parts of (12.13) other than ^ are tensors,
and therefore must itself he a tensor* Hence
we get in all four tensors:
R  M  V j
A y y *—  A y j /A ■
A y (r f (12.16)
4- 4-
The first tv/o are hermitian whereas the last two are anti- 
hermitian. These are the only tensors derived by Einstein 
(loc. cit., (14a), p.136). But we notice that the tensor 
R can still be split up into three other hermitian 
tensors according to
=  G?mi; - A° AA è + A  A<.« A  tv (12.17)
\° V  V
where ^
G\ ; 6 A /A«< A  g y —  A   ^ o(' G
+ ^ ( A  +  A  ) (12.18)
is the Ricci tensor corresponding to the symmetric 
connection v , and /4 av j, y denotes the absolute
derivative of the vector AyvL with respect to the 
same connection.
On the other hand, if we contract the curvature 
tensor R " M y defined by (12.11), we get two 
expressions similar to (12.12), (12.13) with the anti- 
hermitian parts having the opposite sign. Thus v/e have four
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independent hermitian tensdrs and tv/o anti-thermit ian,
given hy
Hermitian:
_  1  c<^  r^ /u,y .
; ( = 4r Yi AK.V 3 e + 1 C»/ A A-v -1 k^yo 0 L 4- Z\/
A % w  A"(. . l  A V ^ A ' ^ f v
V  V 4
 ^A^ v = G/W — Y /W.V 5é t 4- ( C/k y t- C ^.Av) -4 to( Y AaV+Y fAV i €WA V ^  A^'-
- - r  - y  (12.19)u 2
A A». ) y — A  Vj /A ~ 1 ( C ^  3 y _ C y jA^  ) - ^  (^,aa -A |.ja«.) ( 12, 20) 
Antl-hermltlan;
^ A<i; ^  ^ a/a =. ^ (CaajV - C vaaO  (12.21)
^/xjV rrC/A^ VZ-f O —- 2 Ca( /VA V
•V
= (12.22)
As seen from their values, these tensors are not new, hut 
are obtained from those already derived in table II by a 
proper re-arrangement.
13. Continuous Groups of Transformations :
We are going to examine next the conditions for the 
four-dimensional space derived from a quadruplet vector- 
field, in the sense discussed above, to admit an
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'automorphism' (i.e. a transformation of the space into 
itself); a property which is of fundamental importance. 
These conditions will in turn lead to those for the 
quadruplet-space to admit a 'group of motions'. As this 
discussion, which we are going to defer to the following 
section, will he largely concerned with the application of 
group theory, we think it useful to give in this section 
the standard formulae, in general, for an n -dimensional 
space , v/hich will he required later. A helpful
account of these formulae, of which we are going to make 
full advantage, has been given by A.G.Walker (1937).
We start by labelling the points of Vn by means of 
a set of independent variable ( v ~ ) in the
sense that each set of values of the variables defines a
point of V,-, , and we let t \ x. ; ^  ;--* ; ^  ; a ^ a ,. • — ; ;
=■ f ^ ( X ; C(.) be independent functions of the 
 ^ and f essential parameters, where T is finite.
The equations
y ' ' ‘ ~ i  (x,'a) (13.1)
define, for each set of values of the ^ parameters 
( V. = 1, 2 ) ... . ;f ), a transformation of a point P ( x ) in Vn 
into a point P ( x' ) .
X For further information we refer to L.P.Eisenhart,
’'Continuous groups of transformations", (Princeton 1933), 
which will be quoted hereafter as (C.G.T.).
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Denoting “by Ta the transformation given hy the set of
parametric vailles (a), then the class of transformations ^
(L3J.) form a group under the following conditions;
(O.G.T. , p. 14).
(i) If T^f T"b are any two transformations of the class, 
then the transformation T-^  T^ in uniquely defined 
and belongs to the class;
(ii) The associative law holds for the class, thus
To (Tb Ta) = (To Tb) T& ;
(iii) The class includes the identity transformation
)
(iv) If Ta is a transformation of the class, then the 
reciprocal transformation T^"^ :
rn -1 m  - . m m  -1 T
■**a -‘•a "^a -^ a -
exists and belongs to the class.
It can be shown (C.G.T., p.20) that, if the
transformations (13.1) form a group under the above conditions,
the functions ( x j (x) satisfy equations of the form
-■ (13.2)
y - t. .. . ^ f 1 A ' ) ^  ^j ■ • » • jT )
With I AI k I 0 >
It is convenient to choose the parameters so that the 
identity transformation I is given hy u = 0, and so that 
A t /j ( 0 ) =. k ; whence •
x' = f X  ; o) = A ( (13.3)
J a' A t o
8 0 .
As usual in considerations involving continuous groups 
of transformations, we shall he mainly concerned with the 
group of infinitesimal transformations obtained from (13. l) 
by replacing the parameters a*- by the small elements 
^ ^  and neglecting powers of Î  <S' higher than the 
first. From (13.l) and (13.3), the transformations of the 
’infinitesimal group' are given by
= x’' + S cZ (13.4)
( y = ) n ) It i ^ )
From (13.4), we have that the undergo the infinitesimal
change
x'" i x) Y 'X (13.5)
Moreover the change of any function F( x ) is given by
S' F( x) = F . cZ (13.6)
where X c denotes the ’linear operator’
f ^ “ y (18.7)
which S. Lie calls the symbol of the infinitesimal group.
Xt f is sometimes referred to as the generator of the 
group (Eisenhart 1926, p.222).
It can be shown (C.G.T., pp.22 and 26) that the 
’group vectors’ f J/^ ^ ^ occurring in (13.2) satisfy
equations of the form
g y / M y V t Z-' ^  ^ ^ \
$4/ ; w — SA;/ y jw C3. L. L ^ Sf / (13.8)
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v/here the comma,- as before, denotes partial differentiation 
and the C^s are constants, the constants of structure,^
satisfying the conditions
(13.9)
( . r • I . rK ' p 1)1 . - 1' r'm ;
^  L in ^ 3 4 ^  3 ir L k L "t (_  ^ L I j 2T Û (13.10)
The group (13.l) Is said to be transitive when every 
two ordinary points of the space are equivalent under the 
group; i.e.•transformable into one another by one or more 
transformations of the group; otherwise the group is 
intransitive.. A necessary and sufficient condition that 
a group Q f  ( 'ï' > ) "be transitive is that the rank
of the matrix
h  zr I, (13.11)
be ri (C.G.T. ^l.O^p.72).- In particular if i s n the 
group is called s^imply transitive’. In this case it is 
seen that
(13.12)
and we can always define covariant vectors i i / M - by means 
of the equations
S /  = ) ït (13.13)
X To keep the formulae in their familiar forms, the 
summation convention will be used for the top index 
only of the constants of structure..
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The quantities
L V I , {-j = - I c ic/V =  L VyK (IS. 14)
f) )(_r^  tJ y r<-
are easily seen to transform as affine connections for 
changes in the variables# Noting the similarity in 
definition of the transposed and A
of (8#l), we deduce as in (8#27) that Lyaytr = L c-,
— L V ^ (T- + L ^  £T- L <x V -  L /A.V L 0 ( 13# 15)
which could be obtained identically by sunstituting from 
(13#14).
It can be shown (Walker 1937 equation (13), and 
C.G.T. pp.193 and 197) that the original connection IZ./lo' 
also possesses zero curvature, i.e.
zr 1-/4(T ) h' — L M V jC" 1  Uyu.iT L o< y -  U /ty Lwcr =r (1 3 .1 6 )
Equations (13.16) are exactly the conditions of 
integrability of the set of differential equations
> M fx . ( ^
S ) V 4- L oz V S - 0 (13.17)
These equations therefore admit ^ independent vector
solutions - 1)2) yh ) and the general
solution is of the form Zi  i where the c< 's
are arbitrary constants. It can be shov/n (O.G.T. pp. 113- 
114) that the vectors are the group-vectors of
another simply transitive group, the reciprocal group.
8 3 .
It is also seen from (13.17) that the vectors 
( i = 1,2, ... , r, ) form n ’absolutely parallel’ vector- 
fields with respect to the affine connection yu.v in 
the sense discussed on page 41 • But from (13.17)
> M M.  ^ ^
W/ ; y + (,c*/ = 6 (13.18)
which gives
iT/. v' - -  ^/ C'/M (13.19)
J X.
where Zz/M are the covariant vectors determined from
by relations similar to (13.13). As the vectors 
of the ’reciprocal’ group ( t = 1,2,... , n ) are
absolutely parallel with respect to the connection 
determined from them by relations (13.19) that are exactly 
similar to (8.1), they, therefore, could be used to define 
the structure of the space Vn in the sense discussed 
above for the vectors of the quadruplet.
A sub-space Vn of Vr is called an ’ invariant 
variety’ for the group, if all the points equivalent to 
each point of Vrn lie in V  m  (C.G.T. p. 67).
We shall conclude this section by some useful theorems 
to make reference to them easier.
/13.i7 Theorem;
If a space Vn admits a simply transitive group 
of motions v/ith infinitesimal generators 9
the vectors ( / = 1,2,..., n ) of the
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’reciprocal^group defined by (13.18) are absolutely 
parallel, and consequently form at each point an 
ennuplet which can be used to define the structure of
the space. This is also true for the /, ^
-> L I
themselves.
/Ï3.27 Theorem (C.G.T. /Sd.2? P.223).
Sc/ of anWhen the rank of the matrix 
intransitive group is r , there exist co-ordinate
systems for Vn in each of which the *s are functions
I Y-
Of X ) X at most, the minimum invariant
il n
varieties being defined by x = const., ..., x 
= const.
The following three theorems apply only to Riemannian 
spaces.
713.37 Theorem (C.G.T. /51.7? p.210 and R.G. p.235).
If a space \/n (Riemannian) admits an intransitive 
group of motions and a hypersurface is an
invariant variety, the hypersurfaces geodesically 
parallel to Vn-i are invariant varieties.
713.47 Theorem; (C.G.T. 751.87 Pw211 and R.G. p.236)
When the minimum invariant varieties of a group 
of motions (in a Riemannian space) are hyper­
surfaces they are geodesically parallel.
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/Ï5.57 Theorem: (Blanchi. 1918. r.544( C.GtT. ex.3. p.gg5)
When a Riemannian space admits an intransitive 
group f. of motions, where t = n ( h -l)/2, the 
minimum invariant varieties are geodesically parallel 
hypersurface8 of constant curvature.
14. Groups of Motions in Quadruplet-Spaces;
We now return to our original problem of finding out 
the conditions that a quadruplet-space may admit a ’group 
of motions’ (i.e. a class of automorphisms) into itself.
This problem has been examined in some detail by H.P. 
Robertson (1932) for the more general case of a V n  
derived from an ennuplet of n independent vectors (the 
actual term used by Robertson was "spaces admitting absolute 
parallelism"). Some of his results will be reproduced 
here by alternative methods more suitable to our particular 
example, and in the light of subsequent work on the subject, 
especially that of Eisenhart and Walker referred to above.
Fundamental equations of an automorphism;
Before considering the conditions to be satisfied by 
a group of motions in a quadruplet-space, we have to look 
first into the definition of an automorphism from which we 
can derive its fundamental equations. We have in fact two 
definitions for an automorphism: the first has been given
by H.P.Robertson (loc. cit. p.496) and the second by
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L.P.Eisenhart (O.G.T*, p.230). We are going to show that 
the two definitions are not strictly equivalent - the
latter will lead to the same fundamental equations derived
!
from the former, together with some extra conditions 
imposed on the constant coefficients appearing in the 
equations. This fact was not realised hy Eisenhart, who 
stated that they are equivalent (C.G.T#, p.234) following 
a proof which is not complete as will he shown he low.
Robertson has defined an automorphism by the 
possibility of establishing one or more correspondences
P( X ) ---- ^  P ( x/) of the space on itself in such a
way that corresponding points P, P^  or configurations of 
such points are ’intrinsically’ - by means of the structure 
of the space alone - indistinguishable. Mathematically, 
he considered that a space admitting such an automorphism 
means that it admits a non-trivial equivalence with itself. 
But Robertson has taken the conditions of equivalence for 
two quadruplets (ennuplets)  ^V  ( x) ; XV (x)
both in the same co-ordinate system ( V = 0,1,2,3)
to be given, as in (8.24) by
(14.1)
where 3 = const.
(Robertson has used the summation convention for 3 
instead of the present T ). These conditions, however, 
differ from our conditions (8.42) for the same equivalence
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by the extra condition
It « a./, - 'b/,/^ (14.8)
imposed on the constant coefficients ^ of (14,l).
It will be shown that this is the missing condition which 
will lender the equivalence between Robertson’s definition 
and Eisenhart’s.
However, using (14.1), Robertson obtained the
fundamental equations of an automorphism  y
in the form
Xi/ ( X ) = Tj Y)/ (x) . (14.5)
But according to the law of transforming contravariant 
vectors from the co-ordinate system x/ to ,
we have  ^ i <<
X \/'V) ^  >,1/ (x/) ■ (14.4)
Substituting from (14.4) into (14.3), we get
(Z) = Aj/'^  i.x') (14.5)
in conformity with (14.1). Considering now the affine 
connections corresponding to the two equivalent quadruplets
( a M  , both in the co-ordinate 
system x'^ , we have, similar to (6.39), the relations
H  V ( X ) = A  ^ ly"'I h y  k/ (14.6)
On the other hand Eisenhart (C.G.T., p.230) has 
defined the automorphism for $ general Vn (not necessarily
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derived from an ennuplet-*field) by a transformation 
carrying the point P (x ) into P^( ) in such a way that
the geometry of V|, in the neighbourhood of the two points 
as determined by a given affine connection is the same#
For this he has taken the transformed affine connection to 
be the same function of the \ as the original one
of the X *s. That is, in our notation:
y C X ) — M  V C X }  ^14# 7 )
From (14# 6) and (14.7) we see that the two definitions are 
only equivalent if the constant coefficients appearing in 
Robertson’s definition are subject to the condition (8.4l).
Z- L h = 0 K iq ( 14. 8 )
as shown above.
However, it is still interesting to show how 
Robertson’s equations (14.3) for an automorphism are 
derived directly from Eisenhart’s relations (14.7). The 
present derivation is slightly different from that given 
very briefly by Eisenhart (C.G.T., p. 234) as the latter, 
contrary to what is stated there, will not lead to 
equations (14.3) but to their inverse.
Any transformation that preserves the relations 
(14.7) must be a solution of equations
. + 6" 1:1^ =. a V v /5 ( J ^  (14.9)
89.
obtained from the law of transforming coefficients of
Gconnection (8.2) by replacing A  by
A  (  >/ ) .
Now substituting in (14.9) for
/S /X y ( X) z= h (> y
 ^ X
X p T c  k ' ] h h u ^ L ^ }
and imiltlplying through hy Xt/o-Cx) X^/"^ { x/ ) and 
summing for f- and ix , we get
XcVa-(x) X,y(x'J ^ - - ^ / T -
+ Xi /p-Yxj Zfi A.Xn_(if:A . A-?L. = 0
' Ù x'f Zx
Changing the two dummy indices/u., X in the second and 
third terms to çr , respectively, we have
Xc/ff-/x) Xfo/f'x'J _X_.x_. t ykP(y')
+■ >. t / ^  ( X ) . i f  cz 0
"V yo(b x'- .-X
This then takes the form
( 2-6%. yi/T(>-s s^hTcx) ) m 0 (14.10)
Thus ^
j ^  y Î./cr ( X ^ ^ /^) / ( z= V c r, V1 .  ^ q q  ^
Multiplying both sides by Xc/^ (x) and summing for t
we get
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Yo- =  l«: Conit. )( X t G x )
Multiplying both sides by L jL.^  and summing for m  , 
we get
C xM =■- const . i f  (14.12)
But since the left-*hand member of (14.12) has a free mesh- 
index while the right-hand member has no such indices, 
the constants appearing in (14.12) must be of the form 
L • Thus we get Robertson’s equations (14.3) in 
the form
Y 1) - It Xt/'* fx) (14.13)
But here the constants k $ appearing as constants of 
integration, must satisfy the original relations (14.7), 
and consequently they must satisfy, as explained above, 
the conditions
=: ( 14. 14)
Hence conditions for a motion of the space into itself 
are given by
(14.15)
91.
Conditions for a Group of Motions;
In case equations (14.15) admit a class of solutions 
of the form (13.1), we say that the space admits an *r- 
parameter group of motions' into itself, and the constants 
t a r e  considered as functions of the r parameters 
of the group a ( c = 1, ..., r )• Thus we have
-  a.ii^CcL) (14.16)
Now to find out the conditions to he satisfied hy an 
* infinitesimal group of motions ^ defined, as in (13.4), hy
x '^  Z= ) c ' ^ a !  (14.17)
( y = j i = )
we only need to take (C.G.T. p.234)
( 14.18 )
where cA are new constants subject to conditions 
(14.14) which give
I c -f S,  k = 0
Thus ^ (14.19)
We may note here that the two conditions (14.14),
(14.19) were given hy Robertson (loc.cit. equations (1.14),
(1.15)) in the case of a quadruplet (ennuplet) Riemannian 
space only, while we have shown that they must he satisfied 
for any quadruplet (ennuplet)-space if the motion of the 
space is to preserve its affine-connection.
92,
From (14.17), (14.18),( 13. 5), (13.6)^equations (14.15) 
will give
, i ' . r #  s.'= )  4  (
J X. ) X
+ cl^  a. )
After some re-arrangements this will give
(14.20)
(l/ —  ^f )
giving the differential equations to be satisfied by an 
infinitesimal group of motions with satisfying
(14.19). Making use of the skew-symmetry of the parameters
t k can eliminate them in the following way: from
(14.20) we get the similar relations
Se/ ■ _  Xfey Z= 2(: a/iA \c/ (14.21)
Multiplying (14.20) by Xfe./"" and (14.21) by )^k/^ >
summing over k in both cases and adding them we get
; cr-
—  -+■ X(/ X/<V )
= 0 (14.22)
on interchanging c , k in the last term of the right-hand 
member, since t = 0. In (14.22) 3
is the symmetric tensor defined by (7.2). Now making use
of the relations
V ■ “ c c- V
J O oc cr- Ù
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on multiplying (14.22) by y and summing for
and V , we get
+ 5/hjÔ - 0  (14.23)
{^t = t > ■ - ■ J "^ )
These equations can also be written in the form
— Û (14.24)
 ^ is I ) - - ' ; I" )
where ^ i l u / 5  stands for the covariant derivative of
^ with respect to the symmetric tensor #
For a Riemannian quadruplet-space with 3/a. v as 
metric tensor, equations (14.23) or (14.24) give the well- 
known "equations of Killing."
Group of special motions;
Returning now to (14.20), for the special infinitesimal 
motions given by = 0, we have
l l à L  -  = 0  ( f -,f) (14.25)
Multiplying this equation by Xl9/«< and summing over k, 
wo have
Se./^ -  0 (14.26)
i.e. i t / -  ^ 0 I ( ;l) -.-,f) (14.27)
in the notation of section 6 above. Thus in this special 
infinitesimal group of motions ( cX,’/^ = O) the group-
vectors define a field of vectors which are parallel
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absolutely with respect to the transposed connection
A. /u V — Z\ /v< V»
Moreover, if this special Cî )-» of motions is simply 
transitive (i.e. r = n and the rank of || t/^W is n) 
we can introduce covariant vectors as shown
above in (13.13). Hence multiplying (14.26) by 
and summing over f which runs now from 1 to 4, we have
A  y/? =. -  I f  ^fui =r (14.28)
It follows, therefore, from (13.14) that if (14.25) admits 
such a solution
A  L yUL V (14.29)
Hence from (14.25), we get
>t/ - i )  (< = 0,1,2,3) (14.30)
()
\ > M
That is the quadruplet vectors At/ ( I = 0,1,2,3)
satisfy the same conditions (13.18) satisfied by the
c /A
reciprocal group and consequently they themselves
determine a simply transitive group of motions, the 
reciprocal to the given one. Hence we get the following 
result:-
If a quadruplet-space admits a simply transitive 
group of special motions ( ) /this group was
called by Robertson (loc.cit. 8) * maximal sub­
group of special motions/7 the quadruplet vectors
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\  r* •
t = 0,1,2,3) determine another simply 
transitive group, the ^reciprocals to the given group
o^(.
and consequently the transposed connection A  /K ^ 
as well as A   ^ possesses zero curvature as seen 
from (13.15) and (14.29).
This result is also true for any ennuplet-space and it is 
in a sense the converse of theorem y^3.l/ page 83.
Conditions for quadruplet to form a group of motions;
Now if one of the four quadruplet vectors, 
say, become the generator of an infinitesimal motion, it 
has to satisfy equations (14.24), thus
4. = C (14.31)
where , as above, denotes the covariant derivative
of A  /x with respect to the Christoffel symbols 
determined from the symmetric tensor 3/.^ V • But from 
(7.10), (14.31) will take the form
Sh>^ . ( fc 4- / ^   ^ (14.32)
Multiplying (14.32) by Xu/ and summing for ^ we get
bh ) *bI ly X 1-,/q/ _ 0
that is E 1^ X^/o( = 0 (14,33)
Using (7.24), we get the conditions that the congruence 
X t / of the quadruplet determines a 'path' of an 
infinitesimal group of motions to be
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X:/û{ ■ = 0 ( y = 0,1,8,3) (14.34)
Hence if the quadruplet X?/'' ( <- = 0,1,8,3) determines a
simply transitive group of infinitesimal motions, as in the 
case discussed above, we have
i i / o / = 0  ( I , « = 0,1,8,3) (14.35)
Consequently, we get from (7.26)
= Tc = 0  (14.36)
( oL = 0,1,8,3)
This result is als'o true for any ennuplet-space Vn . Hence
we ge t: -
If an ennuplet-space Vn admits a simply transitive
group of special motions, the ennuplet will determine
the reciprocal group and there will be no preferred 
direction at the points of this space for the 
vectors Yc t = 1, ... ,n ) will have zero
components, the vector will also have zero
components and the ennuplet vectors determine the 
’paths* of the motion of the space into itself.
We are going to apply this result, in particular, to 
the 3-dimensional sub-space S 3 of a Riemannian quadruplet- 
space. As this example is of fundamental importance in 
formulating a metric satisfying the cosmological principle, 
we are going to treat it in a separate section. Before 
doing so, we shall reproduce a useful theorem of Eisenhart
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(R. G. p. 57) which will be used in this treatment.
15* Geodesic Form of , .the, Line-Element ;
This theorem states that: (C.G.T. , pi 210)
"If geodesics are drawn normal to a hypersurface S3 in 
an R4 and equal legths are laid off on these geodesics 
from Sg , the locus of the end points is a hypersurface 
normal to the geodesics. The family of hypersurfaces 
obtained in this way is said to be geodesically 
parallel."
To prove this theorem, v/e write the line-element of an R4 
in the form;
^ ^ O^'X - i - (15.1)
(û^,/3 = 1,2,3)
The hypersurfaces orthogonal to the hypersurface
fc ( x' ) = 0 (15. 8)
at each of their common points are given by
A , (to, f ) = f  ^  ^  (I (15.3)
This differential equation admits three independent 
solutions, fi, fg, fs, say. Then, introducing new co­
ordinates defined hy
-  f^(x° ( /u, = 0,1,2,3) (15.4)
the metric (15.l) will be transformed to
s' = d x ' ^ c i x . ' ^  (15.5)
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and (15.3) will take the form
A  I ( X ^  j X ) = 6  ( i A  ) 3 )
giving
//ü(/
J =0 Ctx =l;2;3) (16.6)
But since the determinant o , it follov/s that
/
9^ G and hence from the identity
qoM Ü/ rO
Ü - Oy (15.7)
we have
/
JÙV  ^ 3o(xf ^ o (,o( =-*^2^3^ (15.B)
Hence, in the new co-ordinates, the metric, after dropping 
the primes, will take the form
d =: âoû ( ) +  â.X/3 (15.9)
Ji =  * A  ) j )
with the hypersurface8 A  = const, orthogonal to those
given by = const., and the former intersect in
a congruence of curves which are themselves orthogonal to 
= const.
Taking this congruence of curves (i.e. curves of 
parameter x° ) to be the geodesics
we get for c- = cX =1,2,3
^  (15.11)
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This will give
^  = 0  (<X= 1,2,3) (15.12)
That is 3 qd is a function of only, and we can,
therefore, introduce a new co-ordinate t defined hy
■t = /  d (15.13)
and the line-element will then take the form
t do(/s cix rL c 1)2,3 ) (15,14)
A ■— ii j JC j X  j X )
The geodesic distance between the tv/o surfaces 
t = to and t = ti
is given by
f
= const..
Hence we get the above theorem. (15.14) is called the 
geodesic form of the line-element.
We are nov/ in position to find out the canonical form 
of the line-element of a Riemannian 4-space admitting a 
3-parameter group of motions.
16. Riemannian Quadruplet-Space Admitting a 5-Parameter 
Group of Motions;
We v/ish to make clear in the beginning that we are
going to derive the canonical form of the line-element of
a 4-dimensional Riemannian space (whether derived from a
quadruplet-field or not) which admits a group Gg of motions
Then, we will examine the quadruplet-field that may give
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rise to such a Riemannian space. Our result will he found 
to agree with that obtained, under more restrictive 
assumptions (space admitting a group Gg), by H.P.Robertson 
(1929); viz.
\(d X ) I d  \
^  - const.
The group Gg to be considered here is intransitive, 
and the rank of the matrix || is 5. According
to theorem /l3.^, there exists a co-ordinate system in Q4 
in which
<o./ - (16.1)
>^3)
and the minimum invariant varieties are given by
X° = const. (16.2)
but since = const, is an invariant variety, it
follows from (13.5) that
( a / ^  = 0  ( CL = 1,2,3) (16.3)
Also since the minimum invariant varieties of the group
are the hypersurfaces (16.2), it follows from theorem
/ 1 5 . ^  that they are 'geodesically parallel'. Then if we
choose for the parameter x'^ the distance from a given
hypersurface S3, that corresponding to = 0 say,
measured along the normal geodesics, we have as in the
previous section
3uo ~  ^ Cav ) (16.4)
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and the line-element will take the geodesic form (11.14).
d i }  4- Ko</3 cL:>t cl xf' (16.5)
h«/3 = h<x/3 (t_, x',
The independence of the »s on x“(=t ) oould he seen 
directly from the Killing equations (14.23) by taking 
cK = 0  ^ o as we get
'5/j/ia. ^ =  o (16.6)
J t
but since (16.6) is to be satisfied for /■? • 1,2,3, we get
N / ^
^ = 1,2,3) (16.7)
We may also note that, for the metric (16.5), the 
Killing equations (14.23) will reduce to
c< II ^0 * H r r  0 (16.8)
(V =o ) / S^o h f^\AX^Jd—  — 0 (16.9)
■5 t
- 0  (16.10)
It is easily seen that these conditions will be satisfied 
by a group with vectors
(16.11)
t ^
if and only if the three-dimensional vectors s/V generate 
a group of motions in the sub—space t “ constant, whose
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metric is given by
0
d o -  = (-iv/3 d x
where r ) . 1
=  L h»</3j tz const.
Hence any group of motions of the sub-space S3,'with line-
element (16.12)  ^will determine a group of motions of the
form (16.11), with the same number of parameterso for the 
8pace-time (16.5)•
Considering now our original group G3 defined by the 
vectors (16.1), (16.3), the conditions (16.9), (16.lO) 
will be satisfied identically, and we are left only with 
equations (16.8) with 1 » a s 1,2,3 and g 1,2,3. Since 
the rank of the matrix || ^ i s  assumed to be 3, v/e
have
/
Hence we can introduce covariant vectors and affine 
connections, in accordance with (13.13), (13.14) respect­
ively, given by
^a/o =-0 ; Z(K^<x/ J i u /  =S«_l,(16.13)
and
L^x/3 - ~ (16.14)
( ^  A  ; /j - I; 2,3 )
Thus taking 1 = a - 1,2,3, >u = - 1,2,3 in (16.8),
multiplying it by , and summing over a, we have
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y -  Lxy k ),3 = 0 (16.15)
that is = 0 (16.16)
where the solidus denotes absolute differentiation with 
respect to the connection L«r/3 .
Hence starting with the single assumption that the 
Riemannian space admits an intransitive group G3 of motions 
we have obtained the two results i
(i) its metric is given by (16.5)
(ii) its fundamental tensor satisfies relations
(16.15) or their equivalents (16.16),
From these two results, we proceed to show that this space
admits also an intransitive group Gq of motions, and whence
we arrive at the canonical form of the metric, vifhich we 
call for convenience the ^Robertson metric’, stated at the 
beginning of this section. The proof is mainly due to 
Professor A.G.Walker (1937, ^ 10, pp.108-110). We are 
going to make slight alterations, to make the proof 
applicable to a Riemannian space in general (v/ithout any 
reference to quadruplet or triplet vector-fields), Our 
notation is also different from that used by Walker, to 
match with our earlier work.
The group Gg, which we shall consider, is of the form
(16.11), and, therefore, we only have to show that the sub­
space S3 (t = const.) with the metric (16.12) admits such
104.
a group of motions. This is actually what Walker has done. 
This intransitive group Ge consists of two invariant sub­
groups of 3-parameters each and given by
(i) the group Gg discussed above which defines now 
a 'simply transitive' group of S3 , and is 
given by
/o< °c t °<, \ C  
X =  X  -Y (x) à a.
/i
G);J Ü /  j/5 -  - G a t C c /  (1 6 ,1 7 )
a,b,o s 1,2,3
and (ii) an intransitive group of rotations R3 about an 
arbitrary point 0 as centre, given by
/o( X f . c Z
X r t A  / ( ^ 0 ^
L i , S , h  o 4,5,6
(The comma denotes partial differentiation and the summation 
convention is used for the top suffix only of the constants 
of structure). Denoting the resulting group Gg by
/
A  Y»/ (16,19)
l,m,n * 1,2, 6
it can be shown (Walker, loc.cit,, p.105, and C.G.T. p,118) 
that the constants of structure. satisfy, in addition to 
the usual conditions (13,9), (13.10), the relations
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G/i, & Ccit ; G / g - Cij'  ^ c/% C 0 z CL) (16.20)
where, and in the following work, the suffixes a,h,o take 
values 1,2,3 and refer to G3, and the suffixes u,j,k take 
values 4,5,6 and refer to R3. Thus, the constants of
structure of the group G5 are the constants CCf, ; C ^
of the two sub-groups together with new constants
c   ^ r r   ^ r  ^. ^  Q ( a - G.  ^ ^  1 & (16.21)
the remaining constants Cj/ ; C 13 all vanish.
The two groups G3 and R3 have been associated by
Walker (loc.cit) with the ^principle of equivalent observer^*
and the ^principle of symmetry^ respectively. We shall 
deal with the physical interpretation of those groups 
when we discuss the application of this geometrical 
structure to the cosmological problem.
Now to prove that S3 (16.12), and consequently the 
Riemannian 4-spaoe (16,5), admits the group Gg (16.19) 
with the constants of structure (16.20), (16.21), we have 
to prove that the tensor hcx/3 satisfies the Killing 
equations
'Ckof-'b (16.22)
[ d j f i » 1,2,3) 
dr,
for 1 = 1,2, ..., 6. But the tensor n &-/? satisfies 
equations (16.15) above, and these are easily seen to be
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equivalent to equations (16.22) for 1 « a ** 1,2,3. It 
remains, therefore, to prove that equations (16.22) hold 
for 1 =  ^= 4,5,6. Substituting for from (16.15),
these equations may be written
s I ,/i +  L^isy i i /  ) f tijb ( i / +  \ l c ( ) / c /  ) c O
or  ^ C # S
k Of S '/& +  .Of - Û  (16.23)
( I = 4,5,6)
where the full point denotes absolute differentiation with
I* .
respect to the transposed connection L /? = *
Writing
Ttx/i = (16,24)
then, since ^ k % y y ^ 0  hy (16.16),
-r ^  r  ^ * \  t   ^ ,
./&/)( + hfS .‘X// (16.25)
Now taking 1 *• a, m » ^ in (16.19) with the 
constants of structure given by (16.21), we have
>ù./ A/ ^f-/ A /  2/^ ^ \ k !
(16.26)
Multiplying both sides of this equation by , and
summing for a = 1,2,3, we find, using (16,14)
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f   ^ rAdding v c/ ï  A to both sides, we have
 ^ = - 2 .qT/ V c/'f i ^ /  Ï
+ Ta (16.27)
where
But from the definition (16.14) of the L*s, and from 
(16.28), we get the identities
• fi =0  ^ fiH . Ï  o:0 (16,29)
whence, differentiating (16.27) with respect to the
jû(’
connection /3  ^ =: h ){/!>
be!/ • y  Î =  -  2 jTx /3 y & /  . y  -t lie c  ct e Y v y   ^^  ( i 6 , 3 o )
But it can easily be verified that, for any vector
A  • S'/ y :% A S  (16.31)
Hence, we have
ic' /  > ï / i  =t To. c A  ^4/ .S (16.32)
Substituting in (16*25) and using (16.24), we finally 
have
n v / j / K  = liCft,' (16.33)
(a = 1,2,3 ; i ,k = 4,5,6)
Now, since the point 0 is invariant under the group of
rotations (16.18), we have
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( l i /  )q - 0 (16.34)
g
Hence the derivative . c< with respect to the
transposed connection LT  ^ir = C //S at the point 0 will
simply reduce to the partiâl derivative at 0, i.e.
? ) / s
(  -^<1 '  ) o  - •  iU/  5 «  )o
Now Walker has proved (loc, cit., equation (49), p.107) 
relations of the form
Vi/here ( (X, /3 s 1,2,3) is a tensor introduced at the
point 0 to give a definition of an angle and called by 
Walker, the "angle" tensor at 0. A mere comparison between 
Walker*s definition of an angle at 0 (loc. cit., equation 
(44), p,106) and the similar definition in ordinary 
Riemannian geometry (e.g. R.G., p.38), will show that the 
"angle" tensor cl^/s is playing the same part usually 
played by the fundamental tensor 3/w.y at 0. However, 
there is no difficulty in applying Walker’s proof to show 
that
(  «X s )  Q ) /3 )o  ' t i  ^  S ) o C ^t.'/ 0 ^  0
Hence, it follows from (16.24) that
)o = Ô (16.35)
The identities (16.33) show that the derivatives  ^ x
are linear expressions in the T's, whence, since the T ’s all
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vanish at one point, they vanish everywhere, i.e.
Tfo</3 =  0 (16.36)
Thus, the remaining conditions (16.23) are satisfied, 
and the sub-space S3 with metric (16,12) admits an 
intransitive group Gg of motions. Consequently the space-
ihè
time (16.5) admits also an intransitive group Gg of the 
form (16,11), and obtained from Gg by adding a zero fourth- 
component to each of its six vectors. Thus
 ^ d  0 ; c (  X ) X ; A. ) (1 6 .3 7  )
(1 « 1,2,..,,6 ; o( # 1,2,3)
Taking  ^~0 is always permissible, as seen above,
since the hyper sur face 5 t =r const, is an
invariant variety under Gg,
Now it is a well-known result (R.G, p,239; C,G.T. 
/F3,]J7[, p,215) that, if a Riemannian space Vn admits a 
group of motions G.^  , where f - n ( n +  ^) /2-, then the 
space is one of constant curvature. Hence the space S3 
(t e const.) is a space of constant curvature, and 
therefore its metric (16,12) will take the form
where R ^  are two arbitrary constants and
f ^ i  f  -t-( f
Thus, since the space S3 is the hypersunface t a const.
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in our original Riemannian 4-space, it follows either from 
(16.38) or else from theorem (13.5), that the metric 
(16.5) will take the form
_ M  (.t^ f )|^ ( (16.39)
where H is an arbitrary function which, for
ta const., takes the value
- T - r ï* T >  (“ •«>
But these values of the tensor Ko^ /3 have to satisfy 
equations (16.15)-which give
A A l U  =  iTx y (Lv= 1^2,3) (16.41)
But, Since the s^ are independent of the co-ordinate 
t and so also the L ’s, we have from (16.41)
=' ^ (16.42)
In fact this result can be obtained (Taub 1951) for the 
more general form (16.5) of the metric ; namely we can 
show that
 ^ k ^  0  (16.43)
'5 t '5 x"'
whore k — ( h-x/sl . Now from (16.40), (16.42), we have
where R(t) is an arbitrary function of t only, and k is 
an arbitrary constant which can be normalized to take the
values 1, 0, or -1. Hence our metric will finally turn
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to be thë well*“knovm 'Robertson metric ' given by
i d(cLk ) •^ (dx ) -t{d X )
(16.45)
This form of the metric is obtained here from the single
assumption that the Riemannian 4-spaoe admits a 5-parameter
group of motions, while the same result has been obtained
by Robertson (1929) under the two stronger assumptions;
(i) that space-time should admit a co-ordinate
system that will reduce its line-element to 
the form (16.5) from the start,
(ii) that space-time admits an intransitive group Gg 
of motions.
The quadruplet veotor-field;
To find out the quadruplet vector-fields that may 
give rise to the Riemannian 4-spaoe with line-element
(16.45), we note that the maximum group Gg admitted by 
the sub-space S3 is well determined. With the same 00  ^
ordinates used in (16.38) Robertson (1932, p.512) has 
shown that the vectors of this group can be taken to be
^ ^  ^ I (16.46)
a  J
where i - c - 2  and 'ê is zero if two suffixes are
equal and is £l according as ( ^  ^' !^ ) is an even or odd
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permutation of (123). This, in accordance with (16.37),
will define the group admitted hy the space-time (16.45)
provided we add
/ 0 , 0
i'x/ =0 ; 5 2/ =0 (, ) (16.47)
to (16.46), Now the required quadruplet-fields are
obtained by substituting from (16.46), (16.47) into
equations (14,20), to be satisfied by any infinitesimal 
%
group of motions, as well as the commutation conditions
(16.19), where the constants’ of structure are given by
(16.20), (16,21). We do not intend to go through the 
whole calculation as it has been fully worked out by 
Robertson (loc.cit. 6- 12 pp.517-520). Robertson has 
shown that there are only two possible quadruplet-fields 
giving rise to the metric (16.45). These are given by
(i) k ^ 0
=1 ) Aa./ =0 , Ao/ - Ü (16.48)
R ( t) zzh ~  k + -^ 4 X X i,i/ /{ ^ KIX/S K ^
(  ^ jft = 5 )
(il) 4 ^  Û
14 4494^ Pv(tJ
= £ L l L  ; R (16.49)
i+4 -r/4
— ^ 4 X X
We may add one further remark in connection with the 
quadruplet-f1eId (i). In accordance with theorem l l Z . l J  
above, any simply transitive group of motions of the
113.
sub-space S3, or Its reciprocal, determines at each point 
of S 3 ,  a triplet of absolutely parallel vector-fields that 
may be taken to define the structure of the space. Hence 
if s generate such a group, they can
be taken as the triplet defining the space S 3  whose line- 
element is given by
(16.50)
If they satisfy the conditions
^ X i fi ,2 ç'x'fi
Eq. So./ S v  = ( ' k ) Q (16.51)
That is if only they form a set of mutually orthogonal 
unit vectors with respect to the metric (16.50),
If this is the case, the quadruplet-field giving rise 
to the Robertson metric (16,45) may simply be taken as
(16.52)
It is significant to observe, in this case, that, since 
the triplet defining S3 generates a group of
motions in S3, the vectors f Coc $ according to
(14,35), (14,36), will have zero components at each point 
of S3. In other words, there will be no preferred spatial 
direction at the points of S3. Consequently the space— 
time given by the quadruplet (16,52) may be said to be 
’spatially isotropic’.
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On the other hand, Robertson has shown (loc, clt# 
p.512) that the vectors of any triplet giving rise to the 
3""Space (16.50) must be the generators of a sub-group G3 
of the maximum group Gg defined by (16.46). These 
transitive 3-parametor sub-groups of Gg have been fully 
examined by A.G.Walker (1940) both for  ^^  0 and ^ ^  0 • 
Out of these, there are only two that satisfy conditions
(16,51). They correspond to the case k and were 
the only ones considered by Robertson (loc,. cit, p.512). 
They are reciprocal and are obtained from (16.46) by
> ^ (X —  /  ^
G-l/ = 3 ^  (16.53)
where a s, a + 3 ♦ Substituting for in (16.52)
get the quadruplet-fieId (i) defined by (16,48),
we
Stationary space-time:
Lastly, we may consider the conditions for the 
Riemannian space-time (16,45) to be stationary, i.e. its 
intrinsic properties be independent of the time t. This 
was given by Robertson (1929, p,824) to correspond to the 
conditions for the space-time to admit a group Gp of 
motions in which the time-component of the infinitesimal 
transformation ^ ^  is non-vanishing and depends at most 
on the time t. That is the space-time (16,45) must 
admit the motion defined by
^ (tj , ^ . (16.54)
(«'--'AU
135,
This group has to satisfy equations (16.8) - (16,10). 
Hence, it follows from (16.10) that
 ^  ^ t =: 0 (16.55)
>  ^ \Hence ^ ^ const. = \  ^ say. (16,56)
Prom (16.9), we get
( = < ( X , X ) (16.57)
Then substituting from (16,45) for
h or /3 ^  = R ( t jf ( M (16.58)
into (16.8), and using (16.56), we get
i f l o E  4 . f ( ^  + ^ i ) = 0  (ie.59)
y
where H 3 ë , and'X ,/6 , Y a 1,2,3. Now, since ^  
(It ^
is the only function in (16,59) to depend on t, it must 
be a. constant, say i/a . Hence we can take, without 
any loss of generality
r f X N ^
R It) = e (16.60)
But the conditions of integrability of the particular 
Killing equations (16.59) are (cf. R.G, p.237).
k R / ^   = 0 (16.61 )
( / L k vy ^
Substituting from (16.60), we get k ' ^  -  O 
Thus we get the two possible cases:
(i)
This will give the Einstein’s static metric 
(cf. Tolman 1934, p.338)
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(16.62)
(il) k -^
This will give the de Sitter metric (of* Ibid,,
p.347)
I 2 p 2 I “
.4s % a  t  _  e \ L<U)\LUH}flU:^ i^ ) (16,63)
These give the only two forms in which the Robertson metric
(16,45) may be stationary,
SUMMARY OF RESULTS IN CHAPTER B
1, Quadruplet-spaces are described in two alternative ways:
(i) by means of a symmetric affine connection as 
in section 7,
(ii) by means of a non-symmetric affine connection 
as in section 8,
The two means are shown to be equivalent. The conditions
of (equivalence^ of two quadruplets, originally given
by Robertson, are obtained from different considerations
and are consequently adjusted according to recent views
of describing affinely connected spaces,
2. A sot of four independent vectors, five skew tensors
and five symmetric tensors is derived for the quadruplet 
space using previously known methods. These include 
(table I) the only two skew tensors derived by
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Levi-Civita and (table II, III, or IV) the single tensor 
introduced by A. Einstein for the same space,
3, The groups of motions in quadruplet-spaces, originally 
studied by Robertson, are re-considered in the light of 
later works^ . Most of Robertson^s results are re-produced 
by alternative methods and adjusted to give agreement 
with these more recent works, A new result - that there 
will be no preferred direction at all points of the 
quadruplet-8pace if the quadruplet-vectors generate a 
group of motions - is also obtained, a result which will 
be of some significance in the cosmological applications 
of quadruplet-spaces to be considered in the following 
chapters, ,
4. The canonical form of the line-element of a Riemannian 
4-space admitting only a group of motions is found 
to be the ^Robertson metric^ which was originally 
obtained by assuming that the 4-space admits a group 
Gg of motions.
With all this geometrical structure at our disposal we 
proceed to investigate the various applications and 
promises of success of quadruplet-spaces in the general 
theory of relativity.
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G. - QUADRUPLET SPACES IN RELATIVITY THEORY
17. Mapping of the Physical World;
One of the important devices, commonly employed in 
quantitative physics, is graphical representation. Simply 
by drawing a graph on a sheet of paper, the physicist can 
get at a glance all what he wants from a whole mass of 
information. This method of graphical representation has 
been further extended, and is no longer confined to the 
plane surface of the sheet of paper. Representations can 
be made now in a conceptual mathematical space of any 
number of dimensions and possibly non-Euclidean geometry. 
This wider conception of graphical representation was made 
clear by the work of the famous mathematician H. Minkowski 
in 1908, after the discovery of Einstein^s ^special theory 
of relativity'. Later, in his 'general theory of 
relativity', Einstein took full advantage of this idea, as 
he assumed a 4-dimensional Riemannian space to be an 
adequate picture of the 'real world in space and time'.- 
Weyl's comments in this connection, as quoted by Dr.G.J. 
Whitrow^, are: "The scene of action of reality is not a
three-dimensional Euclidean space but rather a four­
dimensional world in which space and time are linked 
together indissolubly".
X m i  trow, G.J., "The Structure of the Universe", 
(Hutchinson's, 1949), p.64.
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For the picture or the map to he of any value, we 
must seek to represent fully all the physical quantities 
and principles, with which we have to deal, and not only 
those quantities ordinarily regarded as geometrical# This 
full representation is often made possible through the use 
of the whole nomenclature and intrinsic properties of the 
particular type of space chosen for the mapping* In this 
way physics becomes geometrised.
On the other hand, any characteristic feature or 
intrinsic property of the map should have some physical 
interpretation. For example, some physical significance 
should be attached to vectors, tensors (up to a certain 
order), curvatures, ••• etc., derived from the space on 
which the picture of the physical world is visualized.
In this way the representation will be complete.
In general relativity, for instance, mechanical 
quantities, such as force, density, energy, stress, are 
fully represented geometrically. For example the energy- 
tensor is found to be made up of the Gaussian curvatures of 
sections of actual space-time (Eddington 1923, equations 
(65-72), p.152). But it was realized from the beginning 
that the picture envisaged by the general theory of 
relativity did not represent in a natural way electromagnetic 
phenomena. It is in this respect that the géométrisation 
of physics by general relativity theory, is not complete.
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Consequently, as pointed out in the introduction, several 
attempts have been made to extend the geometrical basis of 
general relativity in order that electromagnetic quantities 
may be fully represented, Hoyle's extension is for another 
purpose, the description of the 'continuous creation' of 
matter, which has been held not to be admitted by the 
standard general relativity theory. Both types of extensions, 
however, are so linked together that any mathematical 
procedui’e dealing with one type is almost certain to yield 
the other.
To illustrate this statement, we note that in all the 
attempts to formulate a unified field-theory, most of the 
synmotric tensors and sometimes a few skew tensors are 
neglected. These neglected tensors are usually of the same 
order as, and do not imply any complications more than, 
those already used in the formalism of these theories. 
Therefore, they should be treated on the same footing as 
the latter, and some physical significance should be attached 
to them. The authors of these theories appear to be mainly 
interested in obtaining some plausible field-relations and, 
to our knowledge, there has been, in none of these attempts, 
a thorough examination of all the geometrical consequences 
of the formalism used, Einstein, for instance, in his 
unified field-theory of 1929, as clearly seen from the work 
of section 11 above, has overlooked the symmetric tensors and
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most of the skew tensors shown in table H i  The work 
of section 10 has shown that Levi-Civita in his theory 
(L.C.) has overlooked three skew tensors and four symmetric 
tensors (using only the Ricci tensor) of those shown in 
table I# In his last unified field-theory, Einstein (1951) 
has shown a distinct interest in every possible tensor 
that can be split off the contracted curvature tensors,
Even there, although Einstein confined himself to tensors 
(2nd order) derived only by contracting the curvature 
tensor, yet still one of his tensors ( can be split
up into three other tensors (one skew and two symmetric 
including the Ricci tensor) as shown explicitly in section 
12# On the other hand, Hoyle, as emphasized in section 
5 above, has adopted for his creation tensor the symmetric 
part of a second order tensor and left its skew part without 
any physical interpretation.
This rapid exposition of the various attempts to 
extend the field-relations of general relativity shows 
clearly that in all proposed unified field-theories, there 
have been some neglected symmetric tensors which can, in 
our belief, play the part of the 'creation tensor' 
appearing in Hoyle's theory. It is our purpose in the 
following sections of this chapter to test the validity 
of this statement with respect to the first two unified 
theories, those based on a quadruplet vector-field. We 
think that the results obtained are satisfactory.
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In fact the present investigation, as originally 
suggested to the candidate by Professor W.H.McCrea, was 
concerned with testing the capability of quadruplet vector- 
fields of producing amended gravitational field-relations 
of a form similar to those proposed by Hoyle (1948, 1949). 
This is a natural step forward, from a mathematical 
standpoint, in view of Hoyle's application of a combination 
of a tensor-field and a postulated vector-field. Hence 
Ûie reason for the above choice of unified field-theories 
is clear and is rather accidental.
However, quadruplet-spaces, we believe, offer a 
natural way of extending the field-relations of general 
relativity. They provide us with an adequate geometrical 
structure for the mapping of the physical world with its 
gravitational and electromagnetic fields as well as taking 
account of the possibility that its material contents are 
continuously created. On the other hand, this particular 
géométrisation of physics has one sort of embarrassment. 
That is the wide degree of arbitrariness implied in the 
theory. The mathematical formalism, as seen from the work 
in the previous chapter, appears to produce too many new 
tensors requiring physical interpretation. This, however, 
will not present a serious defect in the theory if we 
succeed in attaching some physical significance to these 
new tensors. One possible way of doing so will bo 
discussed in the following two sections.
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18, Non-Conservative Field-Relations and the Creation Tensor: 
If we choose a quadruplet-space {which for the present 
need not he Riemannian) for the mapping of the physical 
world, we need to make a priori correlation between the 
physical properties of real space-time and the intrinsic 
properties of the particular quadruplet-field chosen.
The first physical quantities to be considered are those
fk y
represented by the stress-energy-momentum tensor T  ,
In standard general relativity theory this correlation is 
given by Einstein’s well-known equations
Ü7 — ^ G / = r - k T  ( 18.1 )
^  Ml/
where Li is the Ricci tensor formed from the fundamental 
tensor S/vcV defining a Riemannian 4-space, and K is a 
constant that can be expressed in terms of the Newtonian 
constant of gravitation Y and the velocity of light ^ 
by the relation k But since the divergence (with
respect to the Christoffel symbols) of the left-hand side 
of (18.1) is known to vanish identically, relations (18.1) 
lead to
(18.8)
If is given the usual interpretation, viz.
(18,3)
where the matter at the point x has velocity and
proper density , equations (18.2) are usually taken as 
the relativistio representation of the principles of
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conservation of mass and momentum. Thus any geometrical 
representation based on relations (18.1) can only represent 
physical systems in which mass and energy are conserved.. 
This postulated property of the real world is not 
universally accepted at present. In fact P.Hoyle, H.Bondi 
and T.Gold, as referred to above, have ruled out the 
validity of this assumption in connection with the 
cosmological problem. In particular Hoyle's words (1949, 
p.366) in this connection, which may explain clearly their 
point of view, are:
"This assumption is valid if the universe were 
created in the remote past, but must be invalid if 
matter is created continuously. Thus, since the 
mode of creation cannot be decided on a priori 
grounds, it is clear that the equations (18.1) 
are of a restricted nature."
Accordingly, Hoyle's work may be considered as an attempt
to remove this restriction, i.e., to obtain field-relations
that do not in general imply the conservation of mass and
momentum, rather than to account for a creation of matter.
We v/ish to emphasize here again that it is in fact this
general view of Hoyle's vmrk that retains its interest in
spite of the satisfactory description of the creation
process given by McCrea (1951) without any modification
of the relativistic field-relations (18.1). Moreover,
Bohr's suggestions about the possible failure of the
principle of energy, which are based on grounds entirely
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different from the above, have led R.C.Tolman (1934), as 
pointed out in the introduction (section 5), to the Same 
conclusion reached by Hoyle. Both Tolman and Hoyle have 
not sought their modifications directly in (18.1) but in 
their consequencies (18.2).
Following the same procedure used by Tolman and Hoyle, 
v/e take
(T^^)V - (some vector derived from the chosen space)
(18.4)
as representing this more general and unrestricted view of
the physical world. Hence, from (18.4), we have
T^^ = (2nd order symmetric tender of non­
zero divergence)
4- (2nd order symmetric tensor of zero
divergence) (18.5)
Generally, the divergence in the above relation can be 
taken with respect to any affine connection [ ^v} $
/T ycLi/ or , and the quadruplet-space need not be
Riemannian. But to retain the standard interpretation of 
T^ ^^ , and for cosmological applications in particular, we 
assume that the quadruplet-space is Riemannian and that 
the divergence is taken with respect to the Christoffel 
symbols in the usual way.
Now, the only symmetric tensor of zero divergence in 
the lists of world-tensors shown in table II, III or IV 
is given by
qMV - i gWV G
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Hence relations (18,5) may take, without any loss of 
generality the form
T = A C 4- B (G - i g" G) (18.6)
where C is a symmetric tensor formed from the rest of 
the symmetric tensors in these tables, and A, B are two 
arbitrary constants# Further, with a suitable co-ordination 
of units, we may take l/B = -U.. Hence (18.6) will take
the form
G' - i g G - V A * C  = -kT' (18.7)
leading to
A' (c'" )v a - k (T^ )V (18.8)
/
where A is another constant. It is clear that these 
field-relations are of the same form as those suggested 
by Hoyle (1948, equations (6.), (4) respectively), and 
consequently we shall call C , for convenience, the
'creation tensor'. We wish to emphasize again that
V
there is a fundamental difference between the present 
formalism and Hoyle's. That is, the creation tensor C 
is here derived directly from the original quadruplet- 
space while in Hoyle's formalism it has been derived from 
a postulated vector-field to be added to the original 
Riemannian space#
It is also clear that relations (18.7) can still 
represent physical systems where there is definite 
certainty about the conservation of mass and energy.
This is simply done, as seen from (18.8), by putting the
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arbitrary constant A = 0.
Nov/ the simplest way of relating the creation tensor 
to the remaining independent symmetric tensors, is to 
consider it as a linear combination with constant co­
efficients of the top four symmetric tensors of table II# 
Thus, we may take
k o'"" = (X + A + ^  (18.9)
where o^; , ^ are arbitrary constants. We need
not include the other three tensors: f ,
as this will only amount to a change in the values of the 
arbitrary constants#
The creation tensor in this form may appear rather 
embarrassing and may be considered unpracticable# We 
shall, therefore, consider first a very simple example 
based on a simple quadruplet-field before dealing with the 
more general cosmological models. This, we hope, will 
throw some light on the nature of the various tensors 
derived from the quadruplet-field and in particular their 
order of magnitude with respect to the gravitational 
potentials of the field and their derivatives. It may 
also give some indication of a possible way to simplify 
relation (18.9) without any prejudice to the theory.
On the other hand, it will help us to show clearly that the 
inclusion of more complicated terms in (18.9), e.g., terms 
such as , are out of question. Lastly this
particular example will give rise, as a special solution.
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to Hoyle’s steady-state model (1948) with all its 
consequences.
It is clearly seen that, by adopting the field- 
relations (18.7) with the creation tensor defined by (18.9), 
we have used all the symmetric tensors of the second order 
that can be derived from the quadruplet-field. In other 
words, all the symmetric tensors have now a physical 
significance, and are equally employed in the theory.
It is only left, to complete the picture, to give some 
physical interpretation to the skew-symmetric tensors,
This we shall do briefly in the following section as it 
will be discussed in some detail in chapter E below.
19, The Electromagnetic Field-Tensor;
We do not intend to discuss here any unified field- 
theory which we defer to chapter E below. We just wish to 
point out one way of representing electromagnetic effects 
in the quadruplet-space, It is clear, for the same reasons 
usually mentioned in connection with standard general 
relativity, that the field-relations (18.7) do not 
represent the electromagnetic field, In special relativity 
the electromagnetic field is usually described by means 
of the skew tensor defined by
131.
V
r " - “
0 1 2 3
0 ~Ey -Hz
0 Hz
-Hz 0 Hx
Ez -Hx 0
(19.1)
in terms of the electric and magnetic field strengths 
given respectively by (E^, E^, E^), (H^, ) in the
usual flat space-time. For any space in general, this 
is also true locally, i.e., in the immediate neighbourhood 
of any observer. These considerations indicate that the 
most likely physical significance that may be attached to 
the derived skew tensors must be concerned with electro­
magnetic phenomena.
However, Levi-Civita did in fact i dent if the 
electromagnetic field-tensor (with mesh components )
with a constant multiple of one of the skew mesh tensors 
or or a linear combination of these (L.G.
sections 6,7), The situation has slightly been changed, 
the arbitrariness of choice is now greater than that shown 
by Levi-Civita’s work. There are now, as shovm in table I 
or II, five independent skew tensors at our disposal 
instead of the two ( ) derived by LeVl-Civita.
Unfortunately, there are at present no known macroscopic 
properties of a combined gravitational and electromagnetic 
field that may furnish some physical grounds on which one can
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prefer any skew tensor to the others. Levi-Civita’s , 
preference in favour of was mainly based on some
'VI )
mathematical grounds, that the " /$ are of higher order
than the ^ " (L.C., p.22). It v/ill be shown, from the
particular example to be considered in the follov/ing 
section, that there is in fact mo mathematical grounds 
for rejecting while adopting or any other skew
tensor. Although the are of the second ordqr in the
coefficients of rotation where as the are of
the first order, yet the former represent terms in the 
first derivatives of the potentials of the field v/hile 
the latter represent the second derivatives. Both types 
of terms are equally common in relativistic field- 
equations.
One way of viewing the new situation, as given by 
Professor W.H.McCrea, is to define some linear combination 
with constant coefficients of all the five skew tensors 
as the electromagnetic field-tensor. Professor McCrea 
pointed out that, in a general way, this would afford the 
kind of possibility envisaged by Professor P.M.S.Blackett 
(1947) of having a contribution to the electromagnetic 
field from moving masses as well as from charges. Thus 
the physical interpretation of the proposed definition 
for the electromagnetic field-tensor would then be that, 
corresponding to thq several terms in the linear
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combination, contributions can be made in a variety of 
ways by the material present.
Now, as the three tensors , 6*^  ^ are
connected v/ith the identity
^  V h ^  y = Ô
we need only consider two of them, y say,
in the linear combination. Hence the electromagnetic 
field may be defined by ,
FvLV -<=<■' t X f E i-X k^y (19.2)
i f  / V
where c<, /3 , , 5 , A are arbitrary constants to
be determined in terms of the universal physical constants.
The gravitational effects of the electromagnetic 
field defined by (19.2) are still open to discussion.
There are in fact some alternative ways in which or
the skew tensors in general may enter into the field- 
relations. These, together v/ith some other possibilities 
arising from quadruplet vector-fields, will be discussed 
in Chapter E below.
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D - COSMOLOGICAL APPLICATIONS
20. A Particular Model:
As a first application of quadruplet-field theory to 
the cosmological problem, we think it convenient to consider 
the simplest quadruplet vector-field that may give rise 
to Hoyle’s steady-state metric (1948, equation (15) ).
We shall in fact consider a slightly generalized form of 
this quadruplet in order that we may get some clearer idea 
about the various new tensors.
We wish to point out that, if the quadruplet-space 
is Riemannian and we are confined to its real region only, 
all definitions of the mesh-tensors, as given in section 10, 
apply only to a positive definite metric. But as in 
cosmological theory, and in physical applications in general, 
the metric is required to be indefinite, we need to transfer 
these formulae to indefinite metrics. An intelligible 
solution out of this difficulty, which appears to be 
originally due to Eisenhart (R.G. Chap.Ill, p.96), is 
supplied by introducing an "indicator" such that >
e, = = £3 = - U With the above assumption that all
quantities are real, this procedure will give the desired 
signature for the metric. This will affect most of the 
formulae giving the mesh-tensors in table I, but it will 
have no effect on those giving the world-tensors in the 
other tables. We are going to follow this procedure,
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although we can dispense with it by removing the assumed 
restriction to the real region of the space. We simply 
have to insert an after the summation symbol for every
summed index L • For example, the metrical tensor (in 
all the rest of this chapter we shall be using Riemannian 
quadruplet-spaces) will be given by
— 1 1 yi f^ Xil/y (20.1)
and = Î/, £/, (20.8)cL S
with its associate world-tensor to be given by
v v  = lik ( 2 0 . 3 )
and so on. There is only one exception to the above rule 
and that is in connection with relations (6.2) which will 
be transferred to
Oc^ (20.4)
Now it is clear that the simplest quadruplet-field 
giving rise to Hoyle’s metric, referred to above, may be 
taken as
\ \0/
0 . ^
Ac»/ n l/c ) A O  zr 0
. 0  V (20.5)
A<y - G ; Au,/ -
= I, 2 J )
where c = a const, and R = R(t) only. But for the reasons 
mentioned above we are going to consider the slightly 
generalized quadruplet-field given by
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w 
^ 0 1 2 5
A
Ü \ I 3
I/C Ü 0 0 C 0 0 0
0 e. 0 0 ) = Q 0 0
0 0
-V
e 0 0 0
V
0
0 0 0 É1 0 0 0
y
-e
(2 0 .6 )
in the co-ordinate system (t, x, y, z), where V =V(t,t), 
f in order that the resulting space­
time may have spherical-symmetry (Of. Robertson Ï932-, 
section ll) and c is a constant. From (20.l), the metric 
of the Riemannian space derived from the quadruplet (20.6) 
is given by
V = vC V",t ) , t"'*= )l + + Z.
(20.7)
This line-element is seen to conform v/ith the geodesic 
form discussed in section 15. Consequently, we can identify 
the direction of the co-ordinate t at any point of the 
space-time (20.7) with that of the geodesic normal to the 
spatial space t = const, passing through this point, and
ct = (absolute length laid along the 
geodesic from the hypersurface 
t = o )
(20.8)
For convenience in later work we note that there are
\
only 18 non-vanishing coefficients of rotation out of the 
24
(20.9)
These are :
dr
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Akn = v/c = v/c 3^i>3 = ÿ/c Vi^ll - - y'/c
\i U - y /
ÿ»2i -1 e y Il 1 c. V Yu;;= - v/c
- - H Y p 3 ^  l ê V Vo3j = - X/L
L V '^2yx - ^  ^ ^323 ~ - 'L'^
V/ , - V /
Visi r. y = - j - ë V
•i
(20.10)
Hence Levi-Civita's vector, now given by
c
has the components
- ^ L e i' ^  ^h L
A' -  ^I) '
\ (20.11)
li t'y'; , C(j^ -V’ /
; c
= V
(20.12)
where the small bracket indicates that the component 
belongs to the mesh-member.
The four vectors y ( c = 0,1,2,3) defined by
(7.24) and now given by
/k (20.13)
have the components
.1
Vi/vl ^
l) ) % 3
0 0 ü
/
0
y 0 JL y •r f"
V 0 7"
V 4 '
0
(20.14)
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We can easily verify relations (7.26) v/hich are transferred 
to
= l i  Y L/y (20.15)
We shall consider next all the tensors of the second 
order derived above for the quadruplet-field (20.6). The 
calculation has been carried out according to their mesh 
formulae, which appear to be easier to handle for this 
particular example. We are going to follow the order of 
table I giving only the leading components of each tensor 
and the rest can be obtained by analogy with these. The 
results are tabulated in the adjoined paper.
Before discussing the results arising from considering 
this particular example as seen from table V, we wish to 
point out that although the original quadruplet-field is 
simple, yet the derived tensors are not at all simpler than 
those derived from any other complicated quadruplet that 
may be used for cosmological purposes. On the contrary, 
in these cases everything is uniform and homogeneous, and 
we shall expect the symmetric tensors to be independent of 
position and to have diagonal components only. Bearing 
this in mind, we proceed to make the following remarks:
(a) Absence of an electromagnetic field:
According to the above interpretation, the field will 
be purely gravitational if all the skew tensors vanish.
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This v/ill he the case if
= 0 or y' = 0 (20.16)
But )j -  Ci will lead to a static universe (non-expanding)
which we may exclude at the moment. We shall shov/ that
V = 0 will lead to Hoyle’s steady-state universe as a
particular solution.
It is also significant to note here that the skew
tensors do not vanish if the metric (20.7) has a spatial
suh-space of constant curvature, i.e. if
= — ILIL.. (80.17)
\ ■
In other words, the fact that sphce-time is homogeneous 
and isotropic does not exclude the presence of electric 
charges or mean the absence of any electromagnetic field.
(h) Preferred direction: ,
From the above remark, \ie see that the only interesting 
v/orld-model that can be obtained from this quadruplet-fieId 
corresponds to v ^ 0  . In this case, as seen from (20.12),
(20.14), the vectors , V l/v will have spatial zero 
components, i.e.
C, = = C, = 0 (20.18)
and = 0 . (x: = 1,2,3) (20.19)
This shov/s that in the model v =6 , there will be no 
preferred direction at any point of the space. This is 
in conformity with the cosmological principle which any
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model is required to satisfy. This will not he the case 
if V = Ô .
(c) Creation tensor;
We now proceed to seek a simpler relation for the 
creation tensor (18.9) in the light afforded "by the present 
example. We first note that any form more complicated than 
the proposed linear combination is out of question. This 
can be seen by comparing the various components of the 
symmetric tensors with the corresponding components of 
the original rolativistic tensor i G which still
forms an important part in our field-rolations (18.7).
This comparison shows that they are just of the right order. 
It is also seen that terms such as , for example,
even if we take 0 , will contribute to the field-
equations terms of the form v v or y which are of 
a higher order and are undesirable mathematically as 
compared with the basic terms in these equations.
Secondly, we notice that the tensor will
j. ^contribute terms exactly similar to those given by 
apart from a difference in the numerical factor. This is 
to be expected since both, as seen from their, definitions, 
are derived mainly by multiplying two Y ’s. Thus we can 
exclude one of them, say , without any loss of
generality.
This leaves us with the three tensors J^' , , 6^ ^
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Concentrating our attention on terms involving only the 
time derivatives of the field potential, we observe that 
is the only tensor that has a contribution to the 
field-equation usually giving the density of the model.
Also and both contribute different terms, viz.
V and V respectively, to the stress of the model. 
It seems therefore that we cannot exclude any of these 
three tensors without prejudicing the generality of the 
theory. Hence the creation tensor may be taken as given 
by ^
# ^  ^ (20.20)
But since ^ , yS , y are arbitrary constants, it seems 
more practicable to restrict this wide arbitrariness by 
at least one condition. We take tentatively the condition
Y = - (20.21)
i.e. /A 3T X )
= ^ +/j (20.22)
using (10.40).
Another approach to the prohlem, which justifies our 
relation (20.22) is to consider only those tensors that 
can he derived from the curvature tensor by contraction. 
These are usually held to be of particular importance in 
all relativistic field-theories. With some rearrangements, 
these, as shovm in table IV, give rise to the symmetric 
tensors «^ nd the Ricci tensor ■
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But üyy , as seen from the expression giving Gi/^ y'in the
table, can be expressed in terms of the other three by 
the relation
‘V * '  =  G ,/./ + ^  (20.23)
is used already in the field-oquations (18.7) in 
the part of zero divergence. Thus it is only left to
define a linear combination with constant coefficients of
the remaining two tensors, as the creation
tensor. This leads us to the above relation (20.22).
■ . There is, however, another possible way of restricting
the arbitrariness of the constants ^ , Y In (20.20).
,This is given by
= Y (20.24)
Hence
- ( C/u/ C.y/') *  ft (80.25)
Where Cy^ y denotes as before the covariant derivative 
of the vector . This form of the creation tensor 
has some formal similarity with Hoyle’s. They differ in 
one main fundamental point. In the present treatment, 
the vector is completely defined in terms of the
parameters of the original space, while in Hoyle’s formalism 
it is to be given in addition to the original space and 
is to be admitted by the latter. Other differences will 
be considered later.
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As the form (20.25) of the creation tensor do not in 
fact afford any results more general than those obtained 
from (20.22), or involve any easier calculations, we still 
prefer to use the latter relation. Consequently the 
field-relations (18.7) will take the form
G/AV/ Y  G 4
(20.26)
(d) Hoyle’s Steady-State Universe;
It is seen from (a) and (b) that the only models 
satisfying the cosmological principle, that can be obtained 
from the quadruplet (20.6), are those corresponding to
t
V = 0  , i.e.
e'" = R It)
That is corresponding to the metric
1 j?
= C'^ e/t - R {t)( ) (20.27)
where R(t) is a positive function of t only.
Considering the case of a smoothed-out universe, the 
stross-energy-momentum tensor is usually given by (see 
p.160 below)
(20.28)
where, according to the standard interpretation, f is the 
relative density of the matter and energy of the smoothed-
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out contents of the universe, and is the pressure of 
these contents, as measured by a fundamental observer at 
rest anywhere in the x, y, z co-ordinate system at epoch t 
Substituting in the field-equations (20!26) from table V 
with , (20.27) and (20.28), we get
t  ^ (20.29)
"  ^ ^  {-J- + ) (20.30)
]/ \
-  0 I ^ ^ j (20.31)
I J Q
v/here R = , ... , etc. Also since all the skew
« i
tensors vanish, we have from (l9.2)
F^v = 0 (20.32)
Now in a steady-state universe, v/hose observable
properties are independent of the epoch of observation, it
is necessary that f  and A should be independent of t.
Hence, with as a constant, we can integrate (20.29)
for oi 0 , having
i-— i , 1/x
K"" R z= 1 K c ^ R 4- Co s f. (20.33)
3
Now since J must be positive and k ^ O  by definition, 
we can introduce a new constant o, defined by
1 k C 'y 0 (20.34)
Hence we get from (20,33)
p(I - ' f A (20.35)
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where A is the constant of integration. This first
integral can be put in the form
" il#
To integrate (20.36) we have tp consider three possibilities
(i) A = 0 ( i i ) ^ = f e ^ ^ O  (iii) A = - Q
W  .A z  ^  i
In this case (20.35) gives
/ /  R r ±
r^A K L t \  -  ± C _ t +Canst. (20.37)
(This result is the same as that obtained by taking u -  0
in (20.29) )• Now as we are only interested in expanding
models, we can exclude the minus sign in (20.37) which 
leads to a contracting universe. We can also dispense v/ith 
the constant of integration by an appropriate choice of 
the initial point of measuring our t - co-ordinate. Hence 
we get
ci#
R(t) = e (20.38)
^ (80.39)
Substituting in (20.30),we get
3 ( I )
K
and from (20.34) we get
j = ------------------------- (20.40)
Hence we get the steady-state model represented by
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d s' = c^  ci t [ d d z )
S = __i__ , 6 = 3(2/j-l)
k A? k 0. ^
(20.41)
This v/ill be identical v/ith Hoyle's model if we take 
p, =1/2 v/hich corresponds to |a = 0  as taken by 
Hoyle.
(iO_? i i U l  A  z A  C  :
It is easily seen that for these cases (20,36) v/ill
give
R It) = 6 (. (20.42)
K(t) - g (jr5") (20.43)
respectively. Substituting in (20.30), we find that both 
will give constant pressure if the arbitrary constants , 
ji satisfy the relation
j cK (2/i' - I) j oc (20.44)
giving
(20.45)
Prom (20.44), (20.45) we see that the pressure does not 
vanish for finite values of <x , /3 . We still have ? 
to be given by (20.40) as before. It is clear that the 
metric corresponding to each of the two cases (20.42),
(20.43) is not equivalent to itself for different values of
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t and consequently they do not represent steady-state 
models. This shows that the constancy of j* , is not 
sufficient to ensure a steady state. This fact has been 
made clear before by McCrea (1951, p.570), in spite of 
a significant difference between the two cases. In the 
model considered by McOrea the conditions  ^ = const., 
k (the curvature of the spatial sub-space) = 0 are
necessary and sufficient to ensure a steady state. This
is not the case in the present model, though v/e started 
with the metric (20.27), i.e. 1^ = 0 , the conditions
5 = const., ^ = const, alone do not yield a steady-state
model. This is due to the ’creation terms’ added to the
fieId-equations in the present treatment.
So much for this particular example that we proceed 
to examine the more general cosmological models that can 
be derived from quadruplet-fieIds. To do so we have to 
consider first the a priori requirements to be satisfied 
by these models.
21. Cosmological Principles;
Cosmological theories in general face the metaphysical 
difficulty of admitting a variety of theoretically possible 
models of the universe. In order to formulate a definite 
model or class of models, it is necessary, therefore, to 
assume certain a priori requirements to be satisfied by
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these models. These are usually put In the form of 
’principles’ which are supposed to represent the properties 
and behaviour of the real universe when all its contents 
are ’smoothed-out’. That is when all local irregularities 
caused by the concentrations of matter into stars and 
stellar systems are replaced by a continuous distribution 
of ’fluid’ in the model, the motions of these bodies being 
represented by the hydrodynamical behaviour of the fluid.
Models suitable for cosmological studies are usually 
required to be homogeneous and isotropic (uniform). These 
two requirements are also called:
(a) the cosmological principle (in the ordinary sense),
and
(b) the principle of symmetry.
Homogeneity implies that, in the absence of local
irregularities, there are no privileged observers: each
observer will describe the totality of observations that
he can make on this idealized universe in exactly the same
way as those made by any other observer are described.
More precisely, if A is a fundamental observer attached to 
c
a partible(nebula) of the fluid filling the model, he 
forms, at any instant in his experience, the same picture 
of the universe as does another such observer & anywhere 
else in the universe at some instant in 6 ’s experience.
The ordinary cosmological principle, therefore, refers 
to the homogeneity of space only and not to that of time.
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For this reason it is sometimes called the ’narrow’ or 
’restricted’ cosmological principle. Any world-model which 
is homogeneous in time, i.e. its observable properties are 
independant of the epoch of observation , as v/e 11 as 
homogeneous in space, is said to be in a steady state and 
satisfies the ’v/ide’ or ’perfect ’ cosmological principle.
The principle of isotropy or symmetry means that each 
fundamental observer sees himself to be at a centre of 
spherical symmetry. In other words, there is no preferred 
direction in the ’smoothed-out’ universe : all (spatial)
directions around any fundamental observer are fully 
equivalent in the sense that he is unable to distinguish 
between them by any intrinsic property of space-time.
These principles, however, are formulated in the light 
afforded by the astronomical observations of the actual 
universe. It is usually assumed that the statistical 
properties of the universe, when taken on a very large 
scale, do not depend in any significant way on the direction 
of observation, and that the ordinary cosmological principle 
is also satisfied statistically for this large scale 
universe. If so, as pointed out by McOrea (1951, p.574), 
it must be satisfied exactly for the ’smoothed-out’ 
universe. But as the sample accessible to astronomical 
observations is very limited in comparison with the whole 
universe, it is rather doubtful v/hether these principles
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should he regarded as fundamental principles. Nevertheless, 
such principles have proved useful in selecting and 
formulating definite models for the universe.
The mathematical interpretation of these principles 
and their implications on the general form of line-element 
representing the proposed cosmological models have been 
given in a completely satisfactory way by H.P.Robertson 
(1929). The earlier treatment of A. Friedmann (1922) 
has been considered unsatisfactory. Robertson, however, 
has considered the two principles of spatial isotropy 
and homogeneity of space-time taken together. He 
interpreted them mathematically as requiring space-time 
to admit an intransitive group Gg of motions. He also 
assumed that space-time should be separable into space 
and a ’cosmic’ time orthogonal thereto in such a way that 
the line-element could be written at the start in the 
geodesic form (15.14)
cis^ - dx (21.1)
{oc ,y3 = l,2,o)
These two purely geometrical assumptions, as pointed out 
above, have enabled Robertson to derive his well-known 
metric ^
 H I L  ,id x ^ i -c/f + (21.2)
a
4 = Const- )
Which has hecome since the standard metric in all 
cosmological applications of general relativity.
153.
About eight years later, in connection with the 
application of Milne’s ’kinematical relativity’ to world- 
structure in a general way, Professor A.G.Walker (1937) 
has derived the same metric from different kinematical 
considerations. The difference lies originally in the 
fact that in Walker’s treatment the ’cosmological principle’ 
and the •■’principle of symmetry’ are considered separately 
and not wholly as in Robertson’s treatment. The difference 
appears to be slight, but we shall show that it does in 
fact load to the important result that any space-time 
satisfying the ordinary cosmological principle only is 
necessarily isotropic and is consequently represented by 
the metric (21.2).
Mathematically speaking. Professor Walker has shown 
(section 3, p.94) that the cosmological principle requires 
that the spatial sub-space admits a simply transitive 
group Gg and that the principle of symmetry implies that 
the sub-space admits a group of rotations Rg about an 
arbitrary point 0. He then proved (section 10, p.108) the 
existence of a quadratic differential form that is 
invariant under all transformations of a group Gg consisting 
of Gg, Rg as invariant sub-groups. We have noticed that 
in his proof, Professor Walker has in fact made use of the 
first assumption only, that the sub-space admits a simply 
transitive group Gg, and deduced that it necessarily admits 
the group of rotations Rg. It appears that he did not
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realise this fact because he was primarily concerned v/ith 
the general results of adopting these two principles as 
fundamental principles of nature. '
Using a slightly modified procedure, v/e have shown 
(section 16) that any Riemannian space-time admitting a 
group Gg of motions (v/hich forms a simply transitive group 
of the spatial sub-space) should necessarily admit a group 
of rotations Rg about an arbitrary origin 0. According to 
Walker’s interpretation, this means that if space-time 
satisfies the ordinary cosmological principle, it is 
necessarily isotropic with respect to any observer located 
at 0. But since 0 is arbitrary, or else according to 
Schur’s theorem (Levi-Givita 1926, p.235) which states that 
if the Riemannian curvature is locally constant (i.e. 
manifold is locally isotropic) it is also the same at all 
points, the original space-time is spatially isotropic and 
homogeneous everywhere* Thus using the single assumption 
that space-time admits a group Gg of motions (i.e. 
satisfy the ordinary cosmological principle) we have been 
able (section 16) to derive the ’Robertson metric’ which 
we intend to use in the following discussion of the 
cosmological problem.
But as we are originally concerned with quadruplet- 
fields, v/e have to look for the quadruplets giving rise 
to a Riemannian space having the ’Robertson metric’ as its
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line-eleraent. According to the v/ork of Robertson and that 
of Walker, referred to above in section 16, there are only 
two quadruplet-fields admitting the 6-parameter group of 
motions (Gg, Rg), i.e. satisfying the cosmological principle 
and the principle of symmetry, and giving rise to the 
Robertson metric. These two quadruplet fields, as given in 
section 16, v/ill be used in the following two sections to 
formulate two world-models admitting the hypothesis of 
thq ’continuous creation of matter’.
The writer wishes, in this connection, to record his 
thanks and indebtedness to Professor A.G.Walker who, through 
a private meeting with Professor W.H.McCrea, has directed 
our attention to the first of these quadruplet-fields. He 
has so kindly sent to the writer some reprints of his papers 
and referred him to his (193?) paper which has been of great 
help in the whole part connected v/ith the application of 
the continuous groups of motions for cosmological purposes.
22. Quadruplet Model I.
The quadruplet-field;
For this model we use the quadruplet-field given by 
(16.48)* We can use either of the two signs (+) or (-) 
appearing in the expression giving « 1,2,3) as
both do in fact give rise to the same results. Hence 
considering the quadruplet
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Ac/ -
0 1 Z 3
Vc  ^ 0 ; 0 , 0
i/4Z ; , n z  j +/AA.
TLZ "*y Ivj; L/(j Z — , I - ÿ '/'*+--^z
X —
c
0
0
ô
; 0 , 0  A 0
j X +'/'*( Z j l/<2xi\//j'J
I /? 1 Zj I -2^ 4 / 4y i ^y  ^ ^
4«z +'//;j ; 1 4^ Z-'//cX 2 ' - ^
(22.1)
' 5
where c, k are constants, R = R(t) only, f = ( | + i ) 
and f ^ = x'^+y'^ + z^ •
The calculation is here carried according to the 
world formulae. The only non-vanishing components of the 
world-tensor
îX'  ^ o/
- Ic e.' Xc/ \i/Acy (22.2)
0^  = 1 , = ^3 = - i
where ( L = 0,1,2,3) denotes the ordinary covariant
derivative of with respect to the metrical tensor
3/.V (22.3)
are
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/ 3
^oir-R/K y o; c. R/(? Y c j r. R//(
a _
Y I 3 :: /  4 l / f
where as "before R = 4^cif
o/
Ï 11 =r-\/Ai/f (22,4)
The vectors
Y (. y /M. ~* \ I y i X ^ y ^
C
have components 3X ; C^-C^:=Cj=D
Vo//U- - 0 ) Y o y o  - 4' ; Y a / ^ - o
(22.5)
(22.6)
(22.7)
All the skew tensors vanish for this quadruplet and the 
symmetric tensors have only diagonal components according to 
the following table ( '
TABLE VI
Symmetric tensors for quadruplet (22.l)
te.r. s’o r
V
r
. y
"J
A/
0 
0 
0
6 1 r
-  —  (C'2\
/ I
R'-
0
r./ ^
; 2, 3 )
cl
2 / R
R'VK"
f.l
//
A  / A'' )
0
_ J. R'^R"" _ 4VR'
C3
S M / R ^
2jJ‘ ■ + W
' c'R ' c’- R2-
( Ao" i-e*’frs to  ^ ,.tc. )
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From this table and the above calculations we observe 
the follbwing characteristics of the quadruplet-field (22,l):
(a) The first of these characteristics is a direct consequence 
to the fact, shown in section 16 above, that the three 
3-dimensional vectors = 1,2,3) given by
the array enclosed by the small brackets, are the 
infinitesimal generators of a simply transitive group 
Gg of motions in the spatial part 8g (of constant 
curvature) of the space-time continuum defined by this 
quadruplet-field. This group G5 is in fact a sub-group 
of the maximum group Gg admitted by Sg. Thus if 
observers are situated at each point (nebula) of Sg, 
and each observer is regarded as having orientation, 
determined by the triplet )\(%/ (o-= 1,2,3) at his
position as a base, it then follows that the whole set 
of triplets covering the hypersurface S3 appears the 
same from whatever point it is viev/ed, i.e., there are 
no preferential observers. This very interesting 
property of the present quadruplet-field was first 
pointed out by Professor A.G.Walker (1940, section 13, 
pp.93-94). It shows in a direct and more instructive 
way that the quadruplet-fieId (22.1) does itself 
sa-cisfy the cosmological principle and not only the 
metric derived from it.
Professor Walker, however, has pointed out that
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the question of orientation do not arise v/hen complete 
spherical symmetry about each point is assumed. ’'It 
may, however, be desirable”, he said (loc. cit. p.94), 
”to consider other possibilities, where spherical 
symmetry is discarded without implying the existence of 
preferential observers”.
It is also interesting to note here that this 
special arrangement is not possible for any other space 
apart from the linear space of one-dimension. For
instance, it is not possible to cover the surface of 
a sphere with a doublet distribution which is viewed 
the same from every point on its surface. In fact 
H.P.Robertson (1932, equation (9.5) ) has shown without 
mentioning it explicitly that the only spaces (of 
constant curvature) possessing this property are those 
of 3-dimensions and the trivial spaces of one-dimension,
(b) This quadruplet is also in conformity with the principle 
of isotropy, i.e., there is no preferred (spatial) 
direction at all points of space-time defined'by it.
This is seen from the fact that the derived vectors 
Vl7/a. ( L = 0,1,2,3) and C/x have all zero 
components for = 1,2,3. Moreover, the original 
quadruplet-vectors, as shown in (a) above, are the 
paths of the motion of the spatial sub-space Sg into 
itself. They, therefore, do not offer any preferred
direction since each motion of Sg into itself corres­
ponds simply to a transformation from one observer to 
another of those assumed situated at each point of Sg.
(c) The field described by the present quadruplet is, 
according to the above interpretation, purely 
gravitational since all the skew tensors vanish.
(d) This gravitational field will always be real, even if 
k = -1, since all the derived symmetric tensors, as 
seen from table VI, are independent of \( appearing 
in the expressions of the original quadruplet-vectors 
(22.1).
The field-equations and metric:
We also note here, as in the previous example, that 
there is no actual value in considering the tensor 
in the linear combination giving the creation tensor.
f ^ y  2
It contributes to the stress-equation the two terms K /R , 
k./ which are also added to the same equation with 
constant coefficients by the tensors and U m
( appears originally, in the field equations (18.6)
with a constant coefficient R ). Hence there is no 
prejudice in using the field-relations (20.26)
g;: _ .1 = - k p y  (22.&)
= Const. j k
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Now the metric corresponding to the quadruplet-field 
(22,l) whose fundamental tensor is defined by (22.3), is 
easily seen to be
<is"' =   U x'^ f  c l 2 )^ (22 .9 )
The constant k, which gives the curvature of the spatial 
sub-space S3, may take any of the values 1, 0, -1. It may 
appear that the case k =-l should be excluded from the 
present model since the original quadruplet will be 
imaginary. This is not at all necessary since all the 
derived tensors, as pointed out above, are independent of 
G R, and will consequently remain real for k = -1. 
Besides, the second model to be considered in the following 
section will have a real quadruplet only if k = -1 and may, 
therefore, be particularly applied for this case.
The 8tress-energy-momentum tensor;
Before applying the field-equations (22.8) to the 
metric (22.9), we have to make some hypothesis about the 
nature of the fluid representing the smoothed-out universe 
and filling our model. We may, however, assume that the 
material filling the model can be treated as a perfect 
fluid. Consequently the stress-energy-momentum tensor 
corresponding to this idealized material distribution is 
given by (cf. Tolman 1934, section 85, p.215)
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V  - C c + A ^ V s  ^ (22.10)
where f' and are the proper macroscopic density
and pressure as they would he measured by a local observer 
at rest in the fluid, and the quantities ^ /'^ S are the 
components of the macroscopic 'velocity' of this fluid with 
respect to the co-ordinates in use.
In fact the co-ordinate system (t, x, y, z) used in 
deriving the line-element (22.9) is co-rnoving such that 
the fluid filling the model remains permanently at rest 
with respect to the spatial co-ordinates x, y, z. This 
may be seen by considering the gravitational acceleration 
of a free test particle in the model. These are determined 
by the equations for a geodesic
 ^ ^ (82.11)
If this particle is initially at rest in the x,y,z system
i.e. 4 ^  - — - -- ~  - 0 (22.12)
we get from the line-element (22.9) that
■it = ~  (22.13)u  :>
and consequently the geodesic equations (22.11) will reduce 
to ^
I ' ^  ^ (22.14)
( (T- = 0,1,2,3)
But it is easily seen that | f are all zero for the
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present line-element (22.9). Hence we find that all 
components of acceleration for such a particle would vanish
élt = ilis. = . cV (88.15)
o(s'^ Ui'i Us'c 2Tf2
and the particle would remain permanently at rest in the 
X, y, z system. This result applies only to gravitational 
acceleration. More generally if we apply the field- 
equations (22.8) to the line-element (22.9), we have
r /  = 0 ) (28.16)
-r ^In particular, therefore, the momentum components 1 ^
( V = 1,2,3) are zero. Hence the contents of the model 
are at rest with respect to the spatial co-ordinates 
X, y , z, and its macroscopic velocity in the present co­
ordinate system (t, x, y, z) is given by
i l .  ^  ^  ^ 0
s 6/ & 371 c/ s C
Thus substituting in (22.10), we get the only surviving 
components of the stress-energy-momentum tensor to be
r; = r /  . t/ . , t ;  . c'f (Z2-17)
Density and pressure;
' We are now in position to get the expressions giving 
the proper density and pressure of the fluid in the model. 
Applying the field-equations (22.8) to the metric (22.9) 
and making use of table VI and the stress-energy-momentum 
tensor as given by (22.17), we then readily obtain
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kc  ^ f - JM. t -G. T. (22.18)Rî.
" "  j. - 5  + -K ) *-
7 .^ = 0 ( /^ 7^  ^  ) (22.80)
ly.y - û ■ (22.21)
where as above R = '^^^etc. We note that these
%
expressions for the density and pressure of the model are 
exactly the same as those obtained for the previous 
particular model apart from the terms in k. They will 
be identical if we take k = o, which is to be expected 
as, in this case, the two quadruplets (20.6), (22.1) will 
be identical if we put e = in the former and
k = o in the latter. We emphasize here again that the 
expressions (22.18), (22.19) for f and are independent 
of 7 ^  and will remain real for all k.
Comparison with Hoyle's model:
We wish to make here a few general remarks comparing 
the present model, as described by (22.18), (22,19), with 
the particular model considered in some detail by F.Hoyle 
(1948). These remarks may be summarised in the following:
(a) In Hoyle's model, the creation tensor has no
contribution to the density equation, whereas in the 
present model it has. These contributed terms will 
prove to be of fundamental importance in relating the
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accelerated recession, usually attributed to the 
particles of the material contents of such expanding 
models, to the creation process (see section 25 below),
In fact it will be shown that the parameter , 
associated with the 'creation terms' in equation (22.18), 
plays the part usually played by the Einstein's cosmical 
constant / \  in explaining the 'cosmical repulsion' 
necessary to produce this outward acceleration (Cf.
McOrea 1950, p.4). This difference is therefore quite 
significant since Hoyle's treatment, as pointed out by 
McCrea (1951, p.572(c) ), has run short of any precise 
'explanation' of the accelerated recession.
(b) In Hoyle's model, the creation tensor contributes a
/
term of the first order in R /R to the stress equation.
In the present model, the 'creation terms' involve 
only terms of the second order in R^" /R or the derivative 
of this expression. This difference may be of some 
significance in view of the fact that the original 
expressions given by the ordinary Einstein's field- 
equation do involve only terms of the latter type.
(c) Hoyle has deliberately chosen the constant associated 
v/ith his 'creation terms' to be such that = 0 if the 
density f = a const. , a condition v/hich is not 
essential for his formalism and can be dispensed v/ith.
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(d) He has also taken k = o at an early stage for reasons 
which have been shov/n by Professor W.H.McOrea (loo. cit, 
p.572 (b) ) to be nnjustifiable.
(e) Lastly, hov/ever, the two models will give Identically 
the same steady-state universe which Is to be obtained 
from (22.18), (22.19) If we take
k  =  0  ; R ( t  ) =  ; /3 =  -k
23. Quadruplet Model II:
This model does not In fact give rise to any special
results v/hlch can not be obtained from model I* On the
contrary, If all quantities are assumed to be real, It
will be applied only to the case k = -1, since not only
Its quadruplet but also Its density and pressure will be
real If only k = -1. This model, however, provides
another example of a quadruplet-fleld giving rise to a
space-tlme which Is spatially homogeneous and Isotropic
and has the 'Robertson metric' as Its llne-element.
'The model Is described by the quadruplet-fleld (16.49)
which Is given by
(We shall only give the covariant vectors of the
quadruplet as the oontravariant vectors have been given
i t
already in (»e.49), or else can easily follow after working 
out the metrical tensor).
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C J-Ji X
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c \ / ^  V 
f
cV-k z 
f \ ; i + lkylikz /;? 4- -^ /
where as before c, k are constants, R = R(t) only, 
f = (1 + -r k Y^) and + y^ + z^ .
As the calculations involved by this quadruplet-field 
are too elaborate, we think it unpracticable to calculate 
all the derived tensors as we have done in the previous 
two examples. Moreover, to simplify these calculations, 
we are going to use only the two tensors 
in the linear combination giving the creation tensor.
In this case it is easier to carry the calculations 
in the following order; We first calculate the mesh-vector 
Cc. from the relation
Cc = - ( )«( (23.2)
where ( At/ ju denotes the divergence of Ac/ . Thus 
we get
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% ^ 1" ' -J J  = - ■^'— 1-^ ^
where the bracket denotes that the component belong to the 
mesh-member. Then we calculate the tensor 6^^ using its 
= mesh formulae, i.e.
«; - i ’) .
We then calculate the tensor using the relation
+ ®r''' - V'^ '' (23.5)
v/here is the ordinary covariant derivative of the
vector . Thus we have
'^ù > t '  -  ^3  ^ ~ (cX  ^ ~ V ^ (23.6)
Here, again, all the skew tensors vanish and the field is 
purely gravitational. Then applying the field-equations
Gt/v. - ^  h  Gi t o< ft/ 4- Y (23.7)
X, y JT Const.
with the components of 1/'^  given, as in the previous 
model, hy
T,'--T/ ^ T/ = - /3 j To - (23.8)
to the metric
«(<' = c \ n ^  (23.9)
a il’ -I- + 2^
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we get the follov/ing expressions for the density and pressure 
of the model, with i = - /3 as in (20.21) above:
Kc^ J -  i i  + 4 -  t  —  / _&I .. _ tx-J-k R (2 3 .1 0 )
V  z 0 ( a  it v) ,  F / ^  0  (23.12)
We just notice two distinct differences between this 
model and the previous two. First, we observe that the 
'creation terms', here, involve terms of the first order in
/ p / —
(R /R"). But these are all having v-k as coefficient 
and viTill therefore disappear when we make any comparison 
with Hoyle's expressions, since this comparison is only 
possible for k = o. Second, we notice that the tensor 
6/u^  , contrary to the previous two models, has non-zero
\ g
components , 0;^ , 0:^  • This is in fact due to the
non-zero components /(X , \u /o ( ^/^ = 1,2,3)
of the original quadruplet-vectors which has resulted in 
having non-zero components 9 3)
for the mesh-vector , whereas still as before
Cj = c A = C j = Ô , thus showing conformity with the
cosmological principle. The three models, hov/ever, are 
identical when k = o and will all give rise to the unique 
(expanding) steady-state universe (20.40) which will 
reduce to Hoyle's model if = -^  giving a zero pressure
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as will be shovm in the following section.
24, Steady-State U.niverse and Observational Relations :
We start by showing that all the three models 
considered above give rise to a unique (expanding) steady- 
state solution, namely that given by (20.4l) v/hich has been 
already derived from the first particular model. Hence we 
need only to show that it can also be derived from the 
other tv/o models and that it is the only one that is in a 
steady-state (apart from wholly static solutions).
To do this, we have in fact two alternative procedures 
which we may follow. First, wo can choose a purely kine- 
matical approach which does not depend upon an appeal to 
any field-equations. This procedure appears to be more 
suitable to the present case, as wo have actually used two 
slightly different field-relations, and it is in effect a 
natural continuation of the procedure we followed in 
deriving the metric used in these models. Nevertheless, 
there is no difficulty at all in achieving the same results 
by pursuing the second and usual procedure using the 
expressions derived in each case for the proper density 
and pressure of the model.
Following the first procedure, v/e notice that the 
Riernannian space-time derived from the two quadruplet- 
fields I and II, as shown in the above tv/o sections, has in 
both cases the 'Robertson metric'
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The conditions for any space-time to he stationary, i.e., 
for its intrinsic properties to he independent of the time, 
have been considered by H.P.Robertson (1929), to whom this 
procedure is originally due, to correspond to the conditions 
for the space-time to admit a 'time-like' (see p.114 above) 
group of motions Gi, .
These conditions for the space-time whose metric is 
given by (24.l), as given by Robertson (loc.cit,, equations 
(.8a), (8b) ) and as reproduced in section 16 (p. 115 ) above, 
lead to
A  = C-jnst. , A i  = 0  (24.2)
Taking this constant to be c/A. , say, where cL is a new 
constant, we get
6 (/4 (24.3)
The second member of (24.2) will then give
S,. . k rr 0 (24.4)
Thus we get the two possible solutions:
(i) I/A = o :
Hence R = A and we get, after absorbing the 
constant into the co-ordinates z, y, z, the well-known 
static metric of Einstein (cf. Tolman 1934, p.338).
d S 3: c c i i  ........'  .. I )l t j t z ) ( 24^ 5 )
4
172.
(ii) k = o:
c t /
Thus R = A £ as in (24.3), and we get the 
well-known de Sitter metric (cf. Tolman 1934, p.347)
% c  ^ ^ o( ) (24.6)
after absorbing the constant A into the co-ordinates 
X, y, z. (We have excluded the trivial case i/<^ = o, 
k = o giving the flat space-time of special relativity.)
Hence using purely kinematical considerations, we 
get the important conclusion that :-
In any cosmological theory using a Riemannian 4-space 
for its representations, there are only two possible 
models of the universe satisfying the perfect 
cosmological principle (i.e., in a steady state): a
static model based on Einstein's metric (24.5) and an 
expanding (contracting) model based on do Sitter's 
metric (24.6).
We notice that while the first metric is wholly static, the 
second metric is also equivalent to itself for all epochs, 
as any change in the origin of t merely changes the value 
of the constant A to be absorbed into the spatial co­
ordinates X ,  y, z as mentioned above.
Now we come to our field equations to get expressions 
for the proper density and pressure corresponding to each 
model. Hence substituting from (i) and (ii) into (22.18),
l)3.
(82.19) and (23.10), (23.Il), we find that the two 
q u a d r u p l e 8 I and II give rise to the same model in 
case (ii) while they only do so in case (i) if 
whence we get
(i) f - -LL. . b = - -L. (24.7)
k ' K
(ii) J = — i  ; /> = lyf-LÜ. (24.8)
k c'aJ ’ k cc:
The first is exactly Einstein's static model when 
the cosmical constant /\ = o (cf. Tolman 1934, p.339).
There are two traditional reasons for considering this model 
as an unsatisfactory basis for the cosmology of the actual 
universe. In the first place, it is v/holly static and 
consequently does not provide any interpretation for the 
observed red-shift in the light coming from distant nebulae. 
Secondly, it gives a negative uniform pressure which has 
' been considered inadmissible in relativity mechanics as it 
is in classical mechanics, a reason which has led Einstein 
to introduce his 'cosmical terms' to remove. This is, 
however, no longer the case nov/ for both the defect and 
the remedy. A negative pressure is now permissible in 
the light of the new hypothesis of the existence of a 
'zero-point' stress proposed by McCrea, as mentioned above. 
About twenty years earlier, the 'cosmical terms' have been 
renounced by Einstein, the same person who introduced them. 
Hence on the strength of the first reason and following 
the recent views in modern cosmology which favours only
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expanding models, we exclude the static model (i).
Thus we are only left with the only expanding model 
universe which is in a steady state
(24.8)
This is exactly the same steady-state universe derived 
above from the particular quadruplet-field of section 20. 
Hence the three quadruplet-fields discussed in sections 
20, 22, 23 give rise to one and the same steady-state 
universe (24.8).
This model is in fact the model derived by P.Hoyle 
(1948, equations (26) ) and that derived by W.H.McCrea 
(1951, equations (7.4), (7.5) ). They only differ in the 
value of the stress which, as pointed out by MeOrea (1951, 
p.57l) in a similar occasion,will have no mechanical effects 
and consequently cannot be directly observable because its 
gradient vanishes everywhere. It can have a small effect 
in the rate of creation of matter which is itself too small 
to be observed as will be shown below. In fact all the 
observable characteristics are identical in the three cases 
except for the rate of creation which will only be rendered 
so if we take the particular value /3 = \/Z . Neverthe­
less, for the sake of completeness, we shall reproduce 
some of the important observable relations for the steady-
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state universe (24.8). Using the empirical value of the 
^velocity constant as given hy the Huhhle-Huma s on velocity- 
distance relation, the model is shown to give satisfactory 
agreement with observation# The discussion of the rate 
of creation is original and is significant in giving some 
idea about the range of the constant /3 giving the 
pressure of the model.
Observable relations:
To make any comparison between the model (24.8) and 
astronomical observations, it is convenient to transform 
the metric (24.8) to spherical polar co-ordinates. This 
can be done by taking
X - f G  ^  ^ G cj?  ^2. ' ^ CcroB ( 24. 9 )
where i f i) 9 ^ are the ordinary spherical polar co­
ordinates measured relative to a terrestrial observer.
Under this transformation the metric (24.8) will take the 
form
c / e  ( v/ i-^4" f i ) (24.10)
We shall then consider the following relations:
(i) Light-tracks;
In order to work out the observable phenomena in the 
steady-state universe described by the metric (24.8) or its 
equivalent (24.10), we must introduce some assumption about 
light tracks. According to the standard procedure of
176.
general relativity we identify them with the null geodesics.
Now considering the geodesic equations in general for
the metric (24.10), we can easily find that any particle
(or ray) whose world-line passes through the origin f = o, 
and which starts to move radially, i.e.
do _ _ A
%rr - TT" "
will continue to move in a radial direction, since (Tolman 
1984, p.386) j ^
i A  = iLl = Ü
Hence in particular, any ray of light travelling to or from
the origin of co-ordinates ( t = o) in the space-time
(24.10), would permanently maintain its motion on the radial 
null geodesic = const. Hence, from the line-element
(24.10), since ds = o along a null geodesic, the radial
velocity of a ray of light is given hy
I I , — C t/ CL.
‘dl = ± c e (84.11)
Now we consider an observer 0 located at the origin 
of space co-ordinates 0 (i.e. with world-line f = o) and 
a star S at an arbitrary point whose spatial co-ordinates 
at the epoch t are ( Y, 0 , f )# Hence, if a light pulse 
is emitted by the star S at time t ^ reaches 0 at time to 
( to >t|), recalling the fact that the co-ordinates used in
(24.10) are co-moving, i.e., the co-ordinates of S remain
(f, 6 ? ÿ) ) Eit all epochs, we get from (24.11 )
Jf = ~^Jt,  ^ (24.12)
_ c 11/4 . c T
i = 4. [ e - e I (24.13)
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(ii) Radius of observable universe;
Now the distance between the observer 0 and the star 
S can be defined in a variety of ways. For the purpose of 
the present discussion, we shall use the particular one 
called by McCrea (1935, p.295) "distance by apparent size" 
and denoted by S. For the Robertson metric (24.1), this 
is given (loc. cit., equation (5) and Tolman 1934, equation 
(180.2), p.467) by
® (24.14)
where^ , Hence for the steady-state universe
(24.10) (k = o) we get 
8 = f
= ^ (24.15)
Hence at the epoch t^, in S’s experience, the observer 0 
estimates the absolute distance of S by (24.15).
Now, we observe that (24.13) tend to the limit
.  e ti/cL
= CK t AS oc. (24.16)
At this limiting epoch the distance of the star from Û 
is
S = y" (84.17)
Honce a light signal emitted at time t, hy a star S,
- C t i/o.
whose 4" -co-ordinate is greater than e and absolute 
distance from Q  exceeding c<. , can never reach 0. Hence 
the limiting distance a may be called the radius of the 
"observable" universe. Any particle with space co-ordinates
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( f , 9 , ) passes eut of the observable universe at a
time t given by f = cl. e
(iii) Red-shift of spectral lines:
Next, we suppose that S emits a train of light waves, 
successive 'crests' leaving S at times tj and + 
as measured by its clock. We suppose that the successive 
wave-crests reach the observer at 0 when his clock measures 
to and t-Q + , Hence from (24.ll) we get the
relation
Ç 0 fdo - C r ^  . C t/CL
= - C e d t  d t  (24.18)
Assuming that  ^ '^o and are small quantities. we
get from (4.18) the relation
I j- C ( V'^
- e. (24.19)
L ( /
Hence if X is the wave-length of the light when it left 
S, and X + X the wave-length when it reached 0, 
we have
X — C t I ) \ d- cl ^  C d to
, i \ Jf ciic-F)/o-
. . MA = _ t - e - 1 (24.20)
A d t\
But from the first two integrals (24.18) we get, as in
(24.13), the co-ordinate distance of the star S to be
r - C L/4 . C tu/6
f ~ a e. - e
I . e .  ±  I (24.21)
ex.
Thus, from (24.20), (24.21), wc got
JLX _ _f_ e (24.22)
A CL
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In particular, if we consider that the observer 0 is 
making this observation at the present time = 0
we get
S jr Jl.
> a (24.23)
Hence the corresponding Doppler velocity
= c. X displacement in wave-length
= ^  < (24.24)a.
Comparing (24.24) with the empirical velocity-distance 
relation of Hubble and Humason given by:
Speed of recession of a galaxy
= 1.8 X 10*”^ *^ cm. sec7^ x distance in cm. (24.25)
we get
c/(% = 1.8 X 10“"^ '^  sec7^ (24.26)
With this numerical value of , together with
c = 3 X 10^^ cm/sec. , Y  = 6.664 x lO”  ^cm?/grm./sec? 
i.e. K =  ^ÏÏ '^ / = 2.073 x 10"“"^  ^ cmT^grm"]- sec?
we get the following results:
27(a) the radius of the observable universe = 1.67 x 10 cm,
(b) the proper density (of smoothed-out mass and energy)
= 5.80 X 10“^^ grm. cm"*^ .
(c) the mass within the observable universe (if f is
\ 55
the averaged density) = 4TTa./^c = 1.13 x  10 grm,
(iv) Rate of creation:
Now taking the divergence of both sides of the field- 
relations as given by
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 ^ „ V . ^
-k V  = - 1 G  +< +/^  Y/ (24.27)
WC get for the general case of the Robertson metric, for
ytL = o
- A î )v = « [ | , ^ ( 9 . “ r ’) - x 6':]
[fi (24.28)
I 2
where 0 . - 6 + 9^  + , » • etc# Hence for the caseoc " -, ' ' 3^
of a perfect fluid with T ^ given by (22.17)
To = ÿ ; 1| ' - ' l/ % -./a
we get
^  ^^ ~3 ^   ^^   ^ H-S. of ( .d (24. 29)
Now for the steady-state universe (24.8), we have
k ( To'' =  iljA (24.30)
a ’
We observe that the Right-hand member of (24.30) is the 
same in this case whether v/e use the tensor  ^ in the
linear combination giving the creation tensor (i.e. field- 
e quations (22,8) ) or v/e use (i.e. field-e quations
(23.7) ).
Now we recall the fact that the proper density A' 
and pressure , as given by the expressions (22.18).
(22.19) and (23.10), (23.ll), as well as in the steady-state 
case (24.8), apply only to the idealized fluid in the model, 
which we have substituted in place of the matter and 
radiation actually present in the real universe. Thus,
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v/e may consider f as the averaged-out density 
corresponding to the nebulae and the internebular matter 
and internebular radiation present in the universe v/hen 
taken on the very large scale. Hence if v/e are going to 
consider the rate of creation of matter as corresponding 
only to the nebulae and internebular matter, we must work 
out some rough expression for that part of the averaged- 
out density contributed by this part of the contents of 
the universe only. Pollov/ing Tolman (1934, pp. 378-79), we 
take this rough expression to be given by
/’m - (24.31)
For the steady-state model (24.8), therefore we get
I'm = — L — ,( 3 - 3/i ) (24.32)
Kc^ <9-i
i.e., fm = (24.33)
From (24.33), wc see that f only if /3 = \/Z ,
which can also be seen from (24.31), since /3 = \/Z
corresponds to jo =0 as seen from (24.8), Also from 
(24.32), wc have 0 only if /3 //j . Hence
if v/e follow the standard interpretation of the pressure 
jo 5 i.e., p ^  0 , the only possible values of the
constant [i are given by
±  I  P <  A  (24.34)
Now returning to equation (24.30), and noting that 
the element of the proper volume % V as measured hy 
a local observer is, for the space-time (24.8), given hy
o
û 'if = t  d 3(.d-yj . d z
182. 
(84.35)
we get
i . !A ) =
j t k c cj
O
(24.36)
where M o  iT is the proper element of mass 
corresponding directly to nebulae and whatever internebular 
matter may be present. Thus denoting the rate of creation 
of matter per unit volume by , we have, from (24.36)
A m  -
lg(l-6 )
k C 4.3 4^ X A3
But we should expect of course y  Q , hence ^ i
Thus from (24.34) we get, in order that
the constant must lie within the range
(24.37)
(24.38)
In the special case when jB = !/2 which corresponds to 
)o = o, i.e. , the model is composed of incoherent matter 
exerting no pressure, and is the case considered by 
F.Hoyle, we get
''U'br I
- 3.^5 X 10 grm . Cm . (24.39)
using the numerical values obtained in (iii) above. This 
value agrees with that obtained by McCrea (1950, table I, 
p. 7) from a Newtonian model ( = o) with a possible
creation of matter. It is estimated as corresponding to
183.
the creation of one hydrogen atom per cubic metre every 
2 X 10^ years, showing how impossible it v/ould be to 
observe directly.
For p / ^ , i.e. p o we get a lower rate of 
creation as expected from (24.37). Taking jS = 0.6, as 
an example we get = 2.5 x 10”'^'^ grm. cm“ .^ sec7^
This shov/s that the hope of distin^uiishing between the 
present model and the tv/o models of Hoyle and of McCrea, 
referred to above, on the basis of the effect of p in 
the rate of creation , is far remote than any speculation 
may go.
Also considering the rate of creation per unit (proper) 
volume for the v/hole smoothed-out contents (matter and 
radiation) as the previous writers have done, we get from 
(24.29) and (24.30)
^  = I T & T —  (24.40)
where M = J or . It is of interest to notice that
is independent of the 'Creation constant' whereas 
depends upon yj a Consequently the value pf does 
not depend upon the pressure and therefore, as should be 
expected, it agrees with the result of McCrea ( 1951, 
equation (9,1) ) and with that which can be derived from 
Hoyle's model (F.Hoyle has not worked out the rate of 
creation in a strict sense. He only calculated
k (T^^) V' = -3.-, A. and it is not obvious that
this will give the rate of creation per unit volume).
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Also only when & -L p = o.
For convenience, v/e summarize the numerical results 
obtained from the steady-state universe (24.8), which 
are found to agree closely with those obtained by the 
previous writers and with reliable observational data.
TABLE VII
Constants of the steady-state universe (24.8)
Constant Formula
Numerical value
ft - Ü . f
Recession 
cons tant
Radius of
observable
universe
Density
Rate of 
creation
Mass of
observable
universe
C /  a  
6b
i i
M . 
M :\W
4 c I - )
4n y cL-3
1 (LC^/ X
-17 ,
I.’; XfO sec-' 
27
Cm
.2?
‘T-S’OAlc ).
- 4- 4-
3.13 A 10 ' gCmA
-44-
3-13 X ID „
I - 13 X 11'
f T
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3 Cm '
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ee 3i.?^4l6' sec.
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f Y
M3XI0 5 
o-vr/G 3
25. Evolution of Galaxies - Accelerated Recession:
To end this discussion about the possibilities 
arising from the application of quadruplet vector-fields in 
the cosmological problem, v/e proceed to considerations 
beyond those associated with an entirely smoothed-out
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universe. The most interesting of these is no doubt the 
problem of the formation of localized condensations, a 
problem about which the previous theories have little to 
say. In fact we shall show that the hypothesis of the 
continuous creation of matter and the present treatment 
in particular afford a satisfactory explanation of the 
evolution of galaxies by accretion. We shall also show 
that the present treatment afford a satisfactory explanation 
of the accelerated recession usually attributed to the 
particles of expanding model universes, a problem which 
has not been considered by Hoyle.
We shall use for the present discussion the general 
quadruplet model lof section 22, which is described by:
d. i  d i  -  {^d A  + d.Ay^dl^) ( 25,1)
4 = I ) 0 ; - ^ (25.2)
where we have used a dot to denote partial differentiation 
with respect to t instead of the dash which we shall use 
for the differentiation with respect to the co-ordinate V , 
i.e.
? » » # , etc.
We are also going to make use of the distance S ("distance
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by apparent size") defined by (24*14), namely
S U  ) =  i  . Rlt ) (25.5)
>•+-); R -r^
But as v/e have shov/n above (section 22, p* 162 ) that the 
material contents of this model are at rest in the co­
ordinates (x, y, z), and consequently any particle v/ith 
co-ordinates (x, y , z) will permanently retain these values 
of the co-ordinates and is usually characterized by the
parameter f , where as in (25.2)
I ^ 4 4 l }
Hence if we introduce the new parameter
P -  Î  (25.6)
t + t k
it will also be constant for each particle throughout its 
recession* We notice that the parameter D is in fact 
identical with the radial co-ordinate ? introduced by 
R.G.Tolman (1934, p.370, equation (149.4) ) and which he 
preferred to use in correlating observational phenomena to 
his model (loc. cit., sections 178, 180, 182, etc.).
Nov/ condensations may only start to form as a result 
of a kind of perturbation which will make the model deviate 
from the steady-state. But the steady-state case of any 
model universe described by the metric (25.1), as shown in 
(24*2), corresponds to (cf. McCrea 1951, p#570)
Jl... = const. (25.7)
R
i.e. ,
L  - X .  = 0  (85.8)
K
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Hence a slight deviation from the steady-state case may he 
represented hy
1
■ -| - I’i (S5.9)
V/here is a constant, and the factor - y is introduced
for later mathematical convenience. From (25.9) we get, 
without loss of generality:
<^-■5 K C -|-t - 1 1'^ +/ (25.9)
Thus our assumption (25.9) is equivalent to considering 
terms of the second order in t in the expression of 
log R when it is expressed as a power series in t 
(cf. Tolman 1934, p.470),
However, considering the case defined hy (25.9) and
noting that . p ^
A  = , R(i-fe^W)
3 f ( I + fe / Vif )^
S .  Ll -
it
we get from (25.3), after some re-arrangements and 
taking K - S Tr Y /c ^
V R s' f -  s i  L . '  k S + 3 S s - Aïi- S ^ \ (25.11)
We then introduce a new function m  ( f , t ), defined by
) zr 1^ 4 r S  Î oiS (25.12)
and which may he taken to represent the mass of matter 
inside the sphere of radius S, passing through the
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particle characterized hy the co-ordinate r . Hence from
(25.ll) and (25.12), we have
IXlll =  ( li.') +• k S - — “  S (25.13)
which can he written in the form
( i S . \ jZ! _  A k  D"^  S (25.14)\ 31 / g 3
Formation of spherical condensations :
Now in (25.14), S is the distance from the origin 
of the particle characterized hy the co-ordinate T , or 
hy the new co-ordinate D = V/ ( 14-1 (p/), at the instant t , 
and is given hy
S - D  ' R (  ^) (25.15)
Hence in a Nev/tonian sense equation (25.14) gives the 
equation of motion of the particular particle characterized 
hy the co-ordinate 7 . It is of interest to notice that
(25.14) is of a form analogous to that considered in the 
famous Newtonian analogues derived hy McCrea and Milne 
(1934, equation (21) ) and with that considered hy F.Hoyle 
(1948, equation (?') ) where a 'cosmical repulsion'
1- /I S ( A 9^  ^  is the cosmical constant) is 
introduced to represent the accelerated recession in non­
static relativistic models. Thus the present procedure 
may he considered, in a sense, as the reverse of the ahove 
work.
In addition, the present procedure is also analogous
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to that given by G. Lemaitre (1933) in considering the 
formation of spherical condensations in an ordinary 
relativistic expanding universe. In the co-ordinate system 
used hy Lemaitre, v/e observe that his co-ordinates f = S, 
sin "y- =: X) and have been used in the same sense in
v/hich we are using the equivalent co-ordinates. It is then 
quite significant that (25.14), which has been derived from 
entirely different field-relations, is formally similar to 
Lemaitre's equation (b ) term for term. The appearance of 
the 'creation constant' cK in the third member on the 
right-hand side of (25.14)'in place of the cosmical constant 
A in Lemaitre's equation shows clearly the effect of 
the creation process in the recessional motion of the 
various particles of the model. This effect will appear 
more clearly in the further discussion given below.
Nov/, we proceed to examine the motion of the various 
individual particles (each characterized hy a co-ordinate 
) of the-model as given hy (25.14). Following Lemaitre, 
we consider ir) as a function of i  only, i.e.
m  = m t ^ ) (25.16)
Hence for = o, equation (25.14) gives
S + =0 (25.17)2 o<  ^  ^ oC ^
Thus (25.14) describes the motion of three types of
particles corresponding to the positive roots of (25.17)
being imaginary, coincident or real, i.e., according as
19u.
(it) t  (25.18)
is >  1  ^ = I y or < I .
Now, we assume that the function m  (f ) is such that
there exists a value such that
 ^> I /'o'“ -k>T , V^ l for-  ^"?<l for
Consequently we have the following three types of particles, 
%
and each particle of the model is to he associated with 
one or other of which:-
(1) f > -«G •
All particles characterized hy a co-ordinate
i.e., outside the sphere "f = , which will recede
away from the origin and their distance S increase from 
0 — > • These will include all particles created
outside the sphere f =Vo at all epochs.
(ii) f ^ 7o ;
All particles characterized hy a co-ordinate T = ,
i.e., heing on the surface of the sphere f = fo , which 
will have their distance S tending asymptotically to the 
'equilibrium’ distance given by
where = m  corresponds to the case = 1 .
(iii)  ^<  0^ •
All particles characterized hy a co-ordinate Y</ ^
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i.e., inside the sphere V’ = , which will have their
distance S increasing to a value corresponding to the 
smallest root of (25,17) and then will fall hack on 
themselves forming a spherical type of condensation at the 
origin of co-ordinates. These include particles created 
within the sphere at all epochs.
The above discussion then shov/s that once the model 
deviates from the steady-state (i.e. [ ) the above
description becomes true and particles forming the material 
content of the model will no longer continue their steady 
motion of recession but will segregate themselves 
(according to their type of-motion) into three groups.
Those particles which are outside the sphere f = fo  ^
when the perturbation started, as well as those that are 
being created outside this ^zone of influence * at all 
epochs after that, v/ill continue to recede away from the 
origin. Those particles which happen to be on the surface 
of the sphere f  = fo , at the time vi^ hen the perturbation 
occurred, as well as all particles that are being created 
thereafter will move asymptotically towards the sphere 
of equilibrium given by (25,19) corresponding to the
coincident roots of (25.17). The third group of particles 
is the most important one. This includes all particles 
that did happen to be within the sphere of influence 
f , as well as all particles that are being created
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thereafter. These will all fall towards the origin of 
co-ordinates forming the 'nucleus* of the new horn 
condensation. Once this happens, i.e., once the density 
at the origin (centre of perturbation) increases above the 
mean density of the medium around it, this sort of nucleus 
will form a gravitating centre and will continue to grow 
oh by accretion of the created matter within its sphere 
of influence. This sphere of influence will, of course, 
continue to extend according to the continual increase in 
the mass of the nucleus condensation by accretion.
It is clear that the above argument will break dovm 
if t = o, i.e. the model in a steady-state, as the 
equation (25.1?) corresponding to = o will be a
linear one, and consequently there will be only one type 
of steady motion for all the particles of the model.
A ccelerated recession:
Now, from (25.14), by differentiating v/ith respect to 
S, and remembering our assumption (25.16) that \r\ = m  ( f ) 
and hence will be constant for each particle throughout
its motion, and so also is £) , we get
V K  = - %  + ^ ( ^ 6 %  (25.20)
0 1 y  ^
giving the acceleration of the particular particle
characterized by the co-ordinate "T , It then shows clearly 
that such a particle is moving under the influence of a
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gravitational attraction of a mass m , and a repulsion 
(provided v/e take y 6 ) proportional to its distance
from the origin. Now, as pointed out above, the 
appearance of the 'creation constant' <K in the repulsion 
terms shows clearly the relation between the creation 
process and the resulting recessional motion of the model. 
Here the constant (X is to be non-zero and positive.
We can also obtain the equilibrium radius directly 
from (25.20), showing that the two forces of attraction and 
repulsion will balance at a distance 8 g , given as before
 ^ 3 Y
It is of interest to notice that this relation may help 
in relating the creation constant c< with the well-known 
universal constants. This may be done by taking o 
to represent the mean mass of galaxy, £ will be 
determined from the assumed perturbation, and 8 ^ will 
represent'the free distance between neighbouring galaxies.
Lastly we may end by mentioning that the above 
procedure does not apply to Hoyle's theory, even if we 
start with a metric k ^  u and h f  • The analogous 
equation of motion will be
/
I Jt ' 5
v/hich will give only one type of motion for the particles
194,
of the model. This, however, shows some of the advantages 
of the present application of quadruplet field-theory in 
the cosmological problem.
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E - UNIFIED FIELD - THEORIES
26, General Discussion:
It is our purpose in this chapter to explore the 
possibility of formulating a unified field-theory, of a form 
analogous to that proposed recently by Einstein and Straus 
(1946) and modified lately by Einstein (i960, 1951), by 
using a quadruplet-space for its presentation. As Einstein 
has started his attempts to generalize his relativistic 
theory of gravitation by using a quadruplet-field (1929), 
it is therefore of considerable interest to examine whether 
there is any actual advantage in the new formalism and 
whether there are any formal relations between the two 
theories. In order to get a satisfactory answer to these 
questions, it is convenient to review first the previous 
attempts to construct a unified field-theory.
The.content of the general theory of relativity is 
formally expressed by the equations
=0 (26.1)
G y  V ' - (26.2)
The first represents the field in an 'empty space' where­
as the second represents the field in a continuous 
distribution of matter. The left-hand members of these 
equations depend only on the fundamental symmetrical
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tensor 3^ »^ which represents the metric properties of the 
space (Riemannian) used for the representation of the 
physical world. From the purely gravitational equations
(26.1), it is also seen that represents as well the
gravitational potentials of the field. The right-hand 
member (26.2), the stress-energy-momentum tensor ,
represents the total energy which generates the field.
This picture, however, shows clearly that the general theory 
of relativity, as well as any other field-theory, is founded 
on two main distinct bases :
(a) a field structure - a 4-dimensional continuum 
endowed with a certain geometrical structure - 
used for the mapping of the real world in space 
and time,
(b) a set of field equations relating the various 
physical phenomena to this field structure, 
i.e., a physical interpretation of the intrinsic 
properties and characteristics of the field.
It is therefore clear that any attempt to generalize such a
field-theory should start at either one of these two
fundamental bases. In fact, on reviewing these attempts,
one can distinguish two distinct views about the natural
sort of generalization of relativity theory. These we
may call:
(i) Levi-Civita's generalization;
This point of view has only appeared in the early
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attempt to extend classical electrodynamics into general 
relativity and in Levi-Civita's theory (L.C.), which is the 
reason for our heading. The idea has not been strictly 
advocated by anybody but first appeared in those two 
attempts. According to this view one has to think first 
of the field-equations which may form a natural generaliza­
tion of equations (26.1) of pure gravitation, and then to 
extend the field structure just enough to furnish the 
envisaged field-relations. This line of approach to the 
problem usually has some guidance from pre-relativity 
physics. In fact the two attempts of this class both have 
adopted (26.2) for their field-equations with the tensor 
having a wider physical significance. As 
represents the properties of the total material and 
energetic content of the field, it can be split up into 
several parts corresponding to the various contributions.
It has been imagined to be broken up into two parts 
according ,to
rr “b %/LLV (26.3)
where represents a purely electromagnetic contri­
bution, and represents the remainder, if any. Now
the new tensor needs to be related in some way to
the field structure. But since the ordinary Riemannian
space with its fundamental tensor , used in standard
relativity theory, does not produce anything more than the
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Ricci tensor, the need then arises for extending the field 
structure to furnish the required relation. This has been 
done by adding a vector-field to the original tensor-field 
or alternatively by starting with a quadruplet vector-field 
at the outset as will be discussed below.
(ii) Einstein's generalization;
This approach to the problem of generalizing the 
relativistic theory of gravitation starts at the other end 
- the field structure. This means that one has to start 
by constructing a field structure which represents a natural 
generalization of the symmetrical tensor-field of
the standard theory, and then to suggest a set of field- 
equations by using a variational principle, or else by some 
' sort of insight. This procedure is no doubt rather risky 
and involves a wide degree of arbitrariness. It is the 
line of approach that has been chosen by Einstein in all 
his attempts to formulate a unified field-theory.
Einstein did in fact express the view that field 
properties, when described according to the above two bases 
(a) and (b), should not be additive as they are assumed to 
be according to the first point of view. Einstein (1945) 
advocated that a satisfactory unified field-theory should 
be formulated in accordance with two distinct criteria:
(l) The field should appear as a unified covariant
entity in a way analogous to that of the unification
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of electric and magnetic fields when represented by 
a skevz-symmetric tensor in special relativity.
(2) Neither the field-equations nor the Hamiltonian 
function can be expressed as the sum of several 
invariant parts, but are formally unified entities.
Einstein described his 1945 theory as unified according to
criterion (2) but not according to criterion (l), and
consequently he considered it as unified only in a limited
sense. This is also the case in all his recent unified
theories. The only one v/hich satisfies both criteria is
that of 1929, which is based on a quadruplet-f ield.
It is, therefore, of considerable interest to notice 
that a unified field-theory using a quadruplet-space for 
its representations can be formulated in accordance with 
either one of the two views (i) or (ii) outlined above, 
and in the latter case it can be made to satisfy Einstein's 
two discriminating criteria (l) as well as (2). These 
possibilities will be discussed in section 30 below.
However, since the two different methods of approach, 
that of Levi-Givita as well as that of Einstein, both 
involve an extension of the field structure, we think it 
convenient to discuss the previous unified field-theories 
according to the type of generalization they suggest for 
this structure. In this way we have three types of 
generalizations to be discussed briefly in the following 
three sections.
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27. Vector-Pield Extension:
In this early attempt to generalize special relativity 
electrodynamics a vector-field has been introduced in 
addition to the original symmetrical tensor-field defined 
by the metric tensor • This vector-f ield v/hich is
usually called the generalized potential, has been given a 
direct physical interpretation by identifying its components, 
in any local inertial frame, with the ordinary vector 
potential A and scalar potential ^ according to (Tolman 
1934, p.858)
(27.1)
Then, as in special relativity a skew-tensor , the
electromagnetic field-tensor, is defined in terms of the
electric and magnetic strengths and J4^ according to
(19. l) above. The full content of the Maxv/ell-Lorentz 
field-equations, using the Galilean co-ordinates of special 
relativity theory, can then be expressed by the two sets 
of equations
_  l i y  (27.2)
and
) ^ 1/ —  T  (87.3)   —  (V
where is the generalized current density. These
are only valid in the 'flat' space-time and are re-expressed 
covariantly by the equations
= ( W , - ( ^ , V - y ,  -
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and
IP Jy z\ J (27. 5)
Then the contribution of the electromagnetic, field
to the energy-tensor appearing in (26.5) is found to be 
given in terms of the field-tensor by the relation
^ (87.6)
Hence the field equations, taking the form of a 'Levi- 
Givita' s generalization', will be given by
y - 9/u.^ (27.7)
in any distribution of matter and radiation, and by
^ Syu.y'G) ~ \ (27.8)
in regions containing no matter, and thus giving the 
mechanical effects of a purely electromagnetic field.
It is interesting to note that this sort of extension
of the field structure resembles Hoyle's extension in
connection with the creation of matter phenomena.
28. Quadruplet Vector-Pield Generalization:
In the attempts of this class, the combination of a
a Vsymmetric tensor-field ü/vv and the vector-f ield <p
is replaced from the start by a quadruplet vector-field.
The metric tensor 3/\w is then defined in terms of the
quadruplet-vectors by relations similar to those given
above by (7.1). This resembles exactly the same sort of
generalization suggested in the present work for Hoyle's
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treatment of the creation of matter.
Pollov/ing this procedure, two different sets of field- 
relations have been suggested in accordance with the two. 
views expressed above in (i) and (ii), and thus giving 
rise to actually two different unified field-theories.
These are :
(i) Levi-Givita's theory: (1929 or L.G.)
In this unified theory the field-equations retain 
their relativistic form (26.2) with the stress-energy- 
momentum tensor given by (26.5), i.e.
4- \/ ) ( 28 • 1 )
where is the contribution of the electromagnetic
field, and is defined in terms of the field-tensor F/uv 
by the same relations (27.6) of the vector-field 
extension. These, when using the associated mesh- 
tensors of and Fyx v > will take the form
(L. G. , equation (35), p., 19)
' X ,4 = F 4P + -X ^ ,-„4 eg e,^ (28.2)
where the indicator 61 ( -a = ( ? 6, = =e^ = -( ) y
as mentioned above, is only introduced for the case of 
indefinite metrics.
Nov/ to relate the electromagnetic field-tensor to 
the field structure, Levi-Givita proposed to identify 
F,' with a constant multiple of one of the skew
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tensors or , which were the only tv/o
tensors derived by him for the quadruplet-field, or a 
linear combination of these. But now the arbitrariness 
of choice is greater than that shown by Levi-Givita, 
and his theory may be modified on the lines discussed 
in section 19 above. That is the electromagnetic field- 
tensor may be given by the relation (19,2)
Y + > kt/, (28.3)
This relation, however, appears to be rather 
unpracticable, and it may be possible to reduce it to 
two or three terms by considering some particular 
examples for guidance as we have done, in the case of 
the cosmological problem, for the creation tensor,
(ii) Einstein's theory (1929);
On the other hand, Einstein has used the same 
field structure, a quadruplet vector-field described by 
the nbn-symmetric connection of section 8, to
formulate a unified field-theory in accordance with 
the two criteria (l) and (2) mentioned above. The 
field-equations in this theory are represented by ;
‘i S (F ff ; V _ /I ptr/) T y ) ^ 0  (28.4)
(28.6)
in the same notations of section 8 above,
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given by (7. l) and /) />o- i V zn f^ r; v 
as before.
This theory has been applied to the field of a charged 
particle assumed to have spherical symmetry by Einstein and 
Mayer (1930) and to a purely electromagnetic field with
V
axial symmetry by G.G. McVittie (l93l). It has also been 
examined in the case of a purely gravitational field (using 
the result of the first application by putting the electric 
charge equal to zero) by A. Blackwell (1932). The results 
of the last application for the advance of perihelion and 
the deflection of a ray of light do not agree with those 
given by standard general relativity. Apart from these 
limited applications, the theory did not receive any 
significant consideration and was ultimately overshadov/ed 
by the recent theories.
29. Non-Symmetric Generalization;
This type of generalizing the relativistic theory of 
gravitation will appear to be a natural one if the 
gravitational field in 'empty space' is mathematically 
described in the following way. The contracted curvature 
tensor corresponding to a symmetric affine connection
will vanish. The affine connection is defined in terms of 
a symmetric fundamental tensor-field 3/ui> whose absolute 
derivative v/ith respect to this symmetric connection will
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vanish. By this demand the connection is determined 
uniquely as the Ohristoffel-bracket  ^ j • A 
natural generalization of the field structure of the theory, 
when described in this form, appears to consist essentially 
in dropping the two restrictions "symmetric" underlined 
above. Hence the reason for describing this sort of 
generalization as 'non-symmetric*, which is originally 
due to E. Schrodinger (l95l), is clear.
This class of unified field-theories includes the 
theory initiated by Einstein (1945) and Einstein and Straus 
(1946) and then strengthened lately by Einstein (1950, 1951), 
Also all Schrodinger's (1947, 1948) attempts to formulate 
a "purely affine theory". We shall mainly consider 
Einstein's last theory as an illustration and to follow it 
later in suggesting a possible unified theory using a 
quadruplet-fieldé
It is to be observed that the whole formalism of the 
1951 theory, as well as the other theories of this class, 
depends essentially on a non-symmetric affine connection 
(the notation is not identical)
A  /u. V — A  /wU t Û  /IlV (29.1)
where the two terms on the right-hand side of (29.1) 
represent, the symmetric and skew parts of the connection 
respectively. Everything else is then derived from this 
affine connection in the following manner. A curvature 
tensor is formed for & similar one for the
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transposed connection ZAyuv = ZA , The former, 
when contracted in the usual way, is found to involve only 
four main tensors, two hermitian and two anti-hermitian, 
given by (12.16). The contracted curvature tensors are, 
as in (12.12), (12.13), given by (the comma denotes partial 
differentiation and the semicolon denotes differentiation 
with respect to Z\. )
P vcr c ( ISvjC- - ) (29.2)
= R^v» “t j ) 4 L - A
•t ^  ( A  /U ; V f A  ) (29.3)
where ^ ^ ^
Ry»A y — - A yu.6 "+ a” yu a  ^ y " A v .A 6
+ j (  ,>/ +  (29.4)
and using (12.15), (12.16). The transposed curvature 
tensor R  i^ vcr will give, by contraction, expressions 
similar to these with the opposite sign for the second 
bracket in (29.2) and the last two in (29.3), which form 
the anti-hermitian parts of the two expressions.
It is then stipulated that all these contractions 
vanish. It consequently follows (Einstein 1951, p.138) 
that the four main tensors (12.16) vanish, i.e.
=  Û (29.5)
[S yU. ) V — ^  VyA — ^ (29.6)
 ^ I ^
~ 0  (29.7)
/\ ^  ^ V 4- — 0 (29. S)
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So far, it is only the affine connection A yu.\> , with its 
symmetric and skew parts of (29.1), that has boon used to 
derive those four conditions. As the non-symmetric 
connection A  f with its 64 components, implies a wide 
degree of freedom which is undesirable as a starting point, 
it has been defined in terms of the 16 components 
of a non-symmetric tensor-field in a way analogous to that 
used in standard relativity theory. This tensor 
is assumed to have a zero derivative according to
— A  3 cx( y - A  y = 0 (29.9)
+■ -  ^
By this demand the A  /xv are determined uniquely.
Now it can be shown (Einstein 1951, p.138) that
(29.7) is a consequence of (29.9). Condition (29.6) can
be written in the form
A  /A. ) y — A  V y /A. — 0 ( 29.10)
Hence from (29.8), (29.10) it follows that
- (29.11)
+ —
Then (29,ll) gives ^
o( Fs. /^v * ^ (29,12)
Instead of (29.12) Einstein has taken the stronger
condition ^
A  0( 5" A  X G = Ù (29.13)
V
and thus suggested the following field-equations (loo.cit.
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(I) p.188)
^o< = Ù V (29.14)
R/U.V r: 0 J
We do not intend to discuss here these field equations, 
but we may just mention a remark by Schrodinger (1951).
Schrodinger pointed out that the first equation of (29.14),
by determining the , determines a basic vector-
field with components
A  (X z: A  oC <c 
V
This vector-field vanishes of course in the symmetric case.
It would seem not at all unnatural that it should not do so 
in the general case, where the demand Ao< =0 is indeed 
a severe further restriction.
However, we shall only examine the part played by the 
non-symmetric tensor 3/^a.v • This, as mentioned above,
has been introduced into the formalism to reduce the 
undesirable freedom arising from the /^ i/ by mere
similarity with the symmetric field of standard relativity 
theory. But, it is significant to point out that in the 
gravitational theory the symmetric tensor 3/va.y plays the 
fundamental and all important part of representing the metric 
properties of space-time, the latter being Riemannian.
It is quite clear that it cannot be dispensed with. But 
here, in t?ie general case, the non-symmetric tensor
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plays two non-essential parts which could he done otherwise. 
These are expressed in the followings
(1) By assuming that its derivative 3m  y i - 0 ;+ -
the A  y are determined uniquely. This part 
could he played exactly in the same manner hy the 
16 components of a quadruplet vector-field as we 
shall propose helow.
(2) It is also used in forming scalar densities, tensor 
densities and Hamiltonian functions for the sole 
purpose of deriving the field-equations from a 
'variational principle'. This also can he done, 
as shown hy Schrodinger (1947), by using any one
of the contracted tensors or any parts of them and 
especially by using the tensor defined by
(29.4).
In addition, we observe that the introduction of this non- 
symmetric tensor with its two parts
3/A.y — 3/& y ^ 3
reduces the degree of 'unification' of the theory in view 
of Einstein's criterion (l) mentioned above in section 
(26). This is clear in view of the fact that each of 
5^^ and 5 is itself a tensor and, under any co­
ordinate transformation, they do transform independent of 
each other, That is, in Einstein's own words (loc, cit, 
p.129), "the non-symmetrical 3/A y is not an irreducible
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entity but an arbitrary and unjustified combination of two 
entities of different nature."
Prom the above'discussion, we clearly see that the 
replacing of the non-symmetric tensor by some other
device which can play the same part, is not at all 
prejudicing the theory. Hence our suggestion of formulating 
a unified field-theory in close formal similarity with 
the one outlined above, by using a quadruplet vector-field 
in place of the tensor-field 3/j^ v , is not v/ithout
foundation.
30. Quadruplet Unified Pield-Theory:
Proceeding in exactly the same way as in the previous 
section, we arrive at the four conditions (29.5) - (29.8). 
There is only one difference, which is rather in favour 
of the present theory, and that is v/e need not here 
stipulate that the contracted tensors (29.2), (29.3) 
vanish, as they here do vanish identically in view of 
(8.26). We still have to stipulate that the contractions 
of the curvature tensor K vanish in order to get
the above four conditions.
Now in the present case the A  /uy , as shown in 
section 8 above, is determined uniquely by the conditions
y = 0  (30.1)
where % i / / ^  ( L , /x. =0, 1,2,3) represents the 16
covariant components of the quadruplet-vectors. In other
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words the 64 equations (30,l) are introduced in place of 
the 64 equations (29,9) of Einstein's theory, to determine 
the 64 components of the affine connection A •
However, using the space, defined by the quadruplet 
( , Xg/a  ^) and described by the non-symmetric
affine connection A as shown in section 8 above,
as a field structure for a unified field-theory, we arrive 
at the four conditions (29.5) - (29.8) obtained by Einstein. 
In the present case they will be given, as seen from 
(12.19) - (12.22), by
K 1
R ^  V CX — --- OyVA y ^ 0 (30.2)
V  = - i V v  + i V ‘ 0 (30.3)
A /A ; y (30.4)
— Ayf 5^= J A^ ) (30.5)
A  AA ) y i-Ay5Mz:l(^CyU5V + 0 )
4- — ' 2 +
= 0/a _ 7^^ zr 0 (30.6)
Recalling the identity in the form (10.50), viz.
"Y-yvLV - ; y - C l/j/M. ) - Ü  (30.6)
the above conditions will be satisfied if any of the 
following sets is satisfied;
(I) (II) (III)
R/A V ^  ^  ; r 0/A. V = ^
Xo/vLv/ - Ô j V/LL/ - 0 J zr 0
y - 0
We therefore take any one of these three equivalent sets 
as the generalization of the gravitational field-equations
(26.1).
Hence using a quadruplet-space as a field structure 
we can develop tv/o possible unified field-theories on the 
lines suggested by Levi-Givita and those followed by 
Einstein in his last theory (l95l). The field-equations 
of these two unified theories are given respectively by:
= - l<( 1/ + X/* u )
= - 3 yfT + ^  G
V — 4/^  /yMi/+ï( f ^ i/ 4" ^
(30.7)
( I  ) - 0
--1.,, 1 t.,,- " —  ...............  « .  .......
;  y^/ui^ -  Û
o f  ( I I ) R yvA y = ü y — 0
o r ( i M ) y nû ; - 0  5 ^/u.y ^ ^
(30.8)
According to Einstein's two criteria, the field-equations
(30.7) are unified in a limited sense since the 
gravitational and electromagnetic field appear in an 
additive form. The field-equations (30.8), on the other 
hand, satisfy both criteria and are correspondingly 
completely unified.
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Since, at present, there is no' experimental evidence 
in favour of any of the unified field-theories knovm 
previously, the above possibilities may be worth trying, 
and should receive eglial consideration. We believe that 
the particular solutions of Einstein's field-equations
(29.14) obtained recently by A. Papapetrou (1948), Max 
Wayman (1950), and W.B.Bonnor (1951, 1952) can all be 
derived from the field-equations (30.8) by a proper choice 
of the quadruplet-field.
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P A R T  II
SPECIAL PROBLEMS IN GENERAL RELATIVITY THEORY
A - The "clock paradox"-.
B ~ The gravitational red-shift.
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A - THE "CLOCK PARADOX"
1. Introduction;
One of the interesting problems connected with the 
phenomenon of "time dilatation" of the special theory of 
relativity, that has often been referred to, both in 
scientific and popular writings, is the so-called "clock 
paradox". This is usually presented by two observers 
C, L, say, carrying two identically constructed clocks 
initially together and at rest. Then while G remains at 
rest, L moves away from him with a relative velocity v 
for a considerable time, reverses its direction and 
subsequently rejoins 0. The reading of the two clocks 
are then compared and the elapsed time-intervals, according 
to the special theory of relativity, are related by the 
equation
A t ^ .  =  6 t ,  ( I -  V  / c M
which shows that the duration of L^s journey is shorter 
in his reckoning than in G's. The apparent paradox arises 
from the consideration of the relative motion of the two 
observers only, in consequence of which L could equally 
regard himself as remaining at rest and G as moving away
X G, L will be associated later with the observer moving 
in a circular orbit and the one moving in a straight 
line respectively.
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with the velocity - v and returning v/ith the velocity 
4- V . In this case with 0 having the moving clock, it 
appears as if 0 should reckon a shorter duration of the 
journey. Since both conclusions cannot be correct, we 
have a paradox.
This paradox was first introduced into relativity 
theory by Einstein himself in 1905 and later in 1911 
(Einstein 1905, 1911), and has since attracted the attention 
of many writers (for example, Hill 1947; Milne and Whitrow 
1949; Hoyle 1950; Jellineck 1950; Ives 1951). It was 
generally assumed that the two observers are completely 
s^nnmetric as far as their - relative motion alone is 
considered. It was only just very recently that Professor 
W.H.McGrea (1953.) has shown, within the framework of 
special relativity, that this is not so, and hence he 
significantly pointed cut that there is really no paradox 
at all in such a problem.
On the other hand, as the problem involves the slowing 
down of the motion of one or other of the two observers and 
even the reversing of the direction of their relative 
motion, it necessitates the existence of some type of 
force or field of force. For a strict treatment of the 
problem, this fact makes reference to the general theory 
of relativity essential, since special relativity is only 
concerned with relative velocities of observers and does
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not consider the effects of relative accelerations. In 
fact, R.C.Tolman (1934) has shown that the problem is 
resolvable by considering the phenomenon of general 
relativity dealing with the "effect of gravitational 
potential on the rate of an ideal clock". The difficulty 
about discussions such as Tolman^s is that they employ a 
somewhat mixed assortment of conceptions drav/n from 
classical mechanics^ special relativity and general 
relativity.
To state the problem purely in terms of general 
relativity, it is this: If space-time is such that it
admits two distinct geodesics through a single pair of 
events, it is required to compare the time-intervals between 
these events as assigned by two observers having these 
geodesics as world-lines. The final result is to be 
discussed from the point of view of the light it affords 
upon the less rigorous treatments of the clock-paradox.
The standard interpretation of general relativity 
theory leads immediately to the conclusion that the time- 
interval between two events P, Q as measured by an 
observer who experiences them both is simply the "interval"
 ^ (1.2)
along that observer's world-line. Hence taking P, Q to 
represent two successive encounters of the two observers.
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the problem is, therefore, mathematically reduced to 
evaluating the lengths of the two arcs P Q along the 
distinct geodesics representing the world-lines of the two 
observers. Each arc is to be measured in the direction of 
the motion of the corresponding observer.
In this form, that is when stated purely in terms of 
general relativity, the problem does not give rise to any 
paradox for two simple reasons. In the first place, there 
is no reason for the two arc-lengths to be in general the 
same, that is for the two observers to assign equal time- 
intervals. Secondly, the values of the time-intervals, as 
assigned by the two observers in the above manner, are 
entirely independent of their relative motion. That is the 
time-intervals do not at all depend upon whether either 
observer,chooses to regard himself or the other observer 
as being at rest. It is the existence of such dependence 
in the "classical" form of the problem that has led to the 
old paradox.
It has to be remarked that there is inevitably one 
difference between the problem as formulated here and the 
"classical" problem. In the "classical" statement of the 
problem, clock-synchronization was supposed to be achieved 
by the two observers being at rest relative to each other 
initially and finally. Orbits allowing this behaviour of 
the observers do not exist in general relativity for
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uncharged particles: clock-synchronization is here achieved
by the universal interpretation of the element of interval 
d S ,
The natural approach, therefore, is to seek an actual 
example which satisfies the primary requirement of admitting 
tv/o geodesics which intersect in distinct events, and the 
two secondary requirements of allowing explicit evaluation 
of the intervals and of being capable of simple physical 
interpretation.
Such an example is not easy to find. One is supplied, 
however, by motion in the field of a gravitating mass 
(Schwarzschild "exterior" metric). In this field it is 
possible for two test-particles to encounter each other 
more than once, i.e., for the geodesics representing their 
world-lines to intersect in more than one event.
In the following work, the formal procedure for 
treating the problem in its general form is discussed. A 
particular example, in which one observer accompanies a 
particle moving in a circular orbit while the other 
accompanies a particle moving radially outwards and inwards, 
is considered. The difference in the time-intervals 
between two encounters of these special observers, as 
assigned by both of them, is found to agree qualitatively 
(within a numerical factor) with the inference drawn from 
special relativity.
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2. Analysis of the General Problem:
To deal with the problem in its general form, we choose 
as a frame of reference a set of spherical polar co-ordinates 
( -t ,0 , ) as the space-like co-ordinates and the time
t as the time-like co-ordinate in a four-dimensional 
Riemannian space. In terms of these co-ordinates the 
Schwarzschild "exterior" metric describing the field outside 
the gravitating particle can be put into the form '
v/here rn represents the mass of this particle when the
units are chosen such that the velocity of light C — I 
and the Newtonian constant of gravitation Y ^ ^
The equations of motion of a free particle in the 
plane Q = Ît'/Z in the gravirational field (2.1) as obtained 
from the geodesic equations
may be written in the fornp(cf. Eddington 1923, pp.85-86)
-= A/ -f ^  (2.4)
f(l. =  h / ( l > ^ - )  (2.5)
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where ^ and are two constants of integration 
characterizing the particular orbit under consideration.
The original expression (2.1) for the line-element 
itself provides a first integral of (2,3) in the form
= 0  <=-<5)1 - 2 m/
Substituting from (2.4), (2.5) into (2.6), and using a 
new variable = | /-T , we get
+ (a.?)
giving the differential equation for the orbit of the free 
particle. From (2.7), we have _1/2
^  - ±  [2m(u-c^)i:u-/?)(u-Y) (2.8)
where cY , ^ , Y ( a( ^  ^ ^  ^ ^re the roots of the
cubic equation
3 .2 . 0^ a
m  u. —  u  +  ^  u  f  JC-! -  0Î (2.9)h''
Now the differential equation (2.8) has been solved 
completely by A.R. Forsyth (1920). By taking the 
approximate values
h s : i 'nc i ( |  — e)   ^ 1 ^  (2 , io)
where a , e are the semi-major axis and eccentricity . 
of the central orbit (nearly elliptic), Forsyth has shovm 
that for the solar system ( 1^^  K  ^ ^ ^  ) the
roots of (2.9) are real, positive and no two of them are 
equal, and that
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 ^^  ^  ^  Y  (2.11)
Consequently he obtained the exact solution of (2.8) 
in the form (loc. cit. p.148)
1 = u = % + (/S - Y ) _Lj-cn (2.12)
I 4- CL I 'l
for an appropriate choice of the initial line for measuring 
é , and where
I =  I Z n )  _  X  ) J
and Ch and dh are the well-known elliptic functions.
As the general solution (2.12), expressing d in 
terms of ^ , involves the two elliptic functions Cn
and d n , an exact solution for our problem in its most 
general form may not be possible. We can, however, obtain, 
in principle, an ansv/er to the problem, up to any order 
of approximation, by expanding these elliptic functions 
and using successive approximations according to the 
following procedure.
We consider the observer G to accompany a particle 
moving in an elliptic orbit of small eccentricity and the 
observer L to accompany a particle moving in a thin 
ellipse with a much larger major axis. We consider the 
case in which the two orbits have parallel axes and 
intersect in two points P, Q for which 0 = of , say.
We suppose G, L to pass through P simultaneously.
As it is possible to do, we further suppose the parameters
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of the orbits to be so related that after L has traversed 
the (longer) arc PQ of his orbit he will pass through Q
simultaneously with C. In that case 0 must have made
say n { ' > / ! ) complete revolutions in his orbit and then 
again traversed the arc PQ of that orbit, before he 
encounters L at Q. The relativistic orbits are, of 
course, not strictly elliptic, but this is taken care of 
by the calculations.
It is well-known that the two elliptic functions 
(/>), cln{<P) are even functions in </) , and consequently 
the central orbit defined by (2.12) is symmetric with 
respect to the initial line (major axis). In particular 
the two points of intersection P, Q have, therefore, the 
same radial co-ordinate S’ . Also the constants , y ,
appearing in (2.12), as seen from (2.9),depend upon the
parameters h , for the orbit concerned. Hence equating 
the value or f at P or Q (<^= +o^) given by (2.12) 
applied to each of the orbits, we obtain an equation for 
in terms of the values of h, b for the two orbits. 
Also we have from (2.4), (2.5)
Jl - ^   (o 13 )
Substituting for i from (2.12) and integrating with 
respect to ^ over the range (-ex' , ex' ) or (-cY , (Y 4-^  )
we can then express the fact that L, 0 have the same 
values of the ^ -co-ordinate at P and also at Q. This
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gives a further relation between and the values of 
h , 1-^ for the two orbits. Thence ^  can be obtained by 
successive approximations in terms of the other parameters. 
Substituting in the previous equation for we get the 
relation between these parameters ensuring that the orbits 
are such that L, C do meet at the two points P, Q.
Finally, substituting for f from (2.12) in (2.4) and 
integrating over the same ranges of as before we get 
expressions for the proper-times Sg measured by the 
two observers between their two encounters.
We have in fact tried to carry out the calculation for 
this general case, considering C, for simplicity, to be 
moving in a circular orbit and L to be moving in the 
thin 'ellipse* as described above using an approximate form 
of (2.12) that'has been given by Forsyth. We have obtained 
the expressions giving the two proper-time intervals ,
3g in terms of the parameters of the corresponding orbit 
and the angle o( , and the tv/o relations between o< and 
these parameters. The difficulty lies in the fact that 
these two relations do not yield a simple expression for
in terms of the other parameters, not even in the first 
approximation (when we neglect all terms of a small order). 
This is due to , contrary to what one may expect, being 
not of a small order that would have made it possible to 
expand its trigonometric ratios, involved in these relations.
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and to obtain its value by successive approximations. An 
expression relating (X explicitly to the parameters of one 
orbit, that of G say, is essential in order that one may 
be able to compare the two intervals 3^  , Çg and to evaluate 
their difference to any order of approximation.
However, it may be of some interest to quote here the 
result we have obtained for the two proper-timœ up to terms 
of the first order of magnitude.
s, = . - W  (.M)
s ^ 2 + r I _ l i r  (l+ f 1 ^
Kn'/Z L 5. J (2.15)
where is the radius of C's orbit and G is the 
eccentricity of L's orbit. These will be found to agree, 
up to this order of approximation, with the special example 
to be considered in the following section when L's orbit
tends to be a straight line, i.e. e. — > I and X  •
We may also note that in this general case many 
parameter’s are involved and it is necessary to make some 
assumptions about their order of magnitude in order to 
carry out the solution up to a definite order of approxima­
tion. In addition, owing to the existence of the elliptic 
functions in the equation (2.12) determining the orbit of 
each observer, we have to use infinite expansions and 
sufficient approximations in order to be able to evaluate 
the integrals giving the proper-time and the t -co-ordinate
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of each observer. These considerations reduce to a great 
extent the value of starting with such a general form of 
the problem. It is of course more convenient to 
introduce at the beginning some sort of simplification 
which reduces the number of parameters Involved, and 
consequently makes the calculations more manageable. This 
consideration has led us to examine the following special 
example.
3. Proper Times of Two Special Observers;
For simplicity and to reduce the number of parameters 
to be considered in determining the order of approximation 
of the result, we assume that the projection of C's world- 
line on the plane 0 = ir/;; is a circle of radius ,
say, and that of L is a straight line going up to the 
point whose spatial co-ordinates are ( R , » 0 ).
Further we suppose that R ^  n ; that ~  ) ~  are,
of the first order; and that -!2L ( zz- ill. is of
B R /
the second order.
To express the problem in more physical terms, we 
suppose that L is projected by C radially in some 
type of projectile, with a very.large velocity. Therefore, 
the motion of L is radial throughout. As the projectile 
makes its journey outwards and inwards through the 
distance R , 0 goes round in his circular orbit for
in ( ^  I ) revolutions and returns back to the initial
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point of projection just in time to pick up the projectile 
with L inside. Then each calculates the lapse in his 
proper time between the two events of projection and 
picking up as well as his time-co-ordinate at the last 
occasion assuming that the instant of projection 
corresponds to the epoch t = 0 in the reckoning of each 
observer.
O'8 calculation: J -f ^
From the line-element (2.1) we get
, <3.1,
and (2,5) gives
%
= » (=.=) 
Solving (3.1), (3.2) f o r ( g )  ) ( ^ )  , we get
cCs  ^ ' °-
(3.3)
vp . .
I _
These will in turn give
i ï  =
d f  iri YÎ,
Then from (3.4), (3.5), we get respectively
J.4. _ ' (3.4)
(3.5)
-  2 nit ( I _
m  ''2^ ^  /
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lt,'!r
'i r'-^ Z h ^
71
t  -  ^O-t — -,,.— -
 ^ m  /2 I/o
ol <p 
2, M ÏT A
m  '/2
L's calculation; [' </> - o 1
Prom (2.6) we get 
2
(3.7)
) —' Z'm  / ^
But from (2.5)
as 4
Substituting into (3.8), we get
(“ ) = - I + • (3.3 0)
But if the projectile is to return after reaching an 
extreme distance R
i.e. =z 0 W/ie/1 T zz R a
o{$
we get
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Hence we get
z
(3.11)
I fLt-X fn 2 Ml
W S  i Ÿ R
(3.12)
We may note here that 0 has to project L with a 
velocity V given by
V =  -  y )
'A
(3.13)
if L is to travel through the distance B and return 
back to join 0.
From (3.12), we get
'/2
H e n c e
Z in
R
(3.14)
R
f
>/2
d
=V2
m
[/a.l'R,-Cl) *■ R  Crt
%
2%
Prom (3.9), (3.14), we get by using (3.11)
] (3.15)
a
3/2
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Therefore
R
f
V2
2 n/ i - 2 m ) /  _ f
- / AIE, -, ^  mJ r /g (g - g ) + K fit -h4 mc«r!fdl
’ m  *- ' R V2 pvj
1/5 ,  - '
(3.16)
lR-21))/ y A(.R-2m)j
V) \. 3.
«. -> RRecalling our original assumption that ; -zr- are
of the first order while J2L is of the second order 
and expanding the functions on the right hand side of
(3.16), we get
t. zz
3/3.
11)
Z R
-{H R R
(3.17)
Hence in order to relate the two proper times S q 5 Sl 
as given by (3.6), (3.15), we have to express the constant 
R  appearing in (3.15) in terras of the other given 
constants, namely m  ) a ajid n . This is done by 
considering the fact that
^ I
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when C and L rejoin each other. Thus we get
/Î = r'"[| . i(|.f . 2£ I--------] (3.18)
from which we can obtain the necessary expression for 
by successive approximations.
First Approximation;
Neglecting all terms of the first and higher orders 
inside the bracket on the right hand side of (3.18), we 
get
y  2 n%
K = 2 / 2  CL (3.19)
Substituting in (3.15), we get to the same order considered 
above
- (3.20)'' m  7%
and from (3.6), we get
Sc = 2 niroL
n
Hence up to this order, we get
Sc -  ^  (3.22)
where 11T  is the time of C’s journey when the
problem is treated by classical mechanics.
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Second Approximation;
Considering the second terra inside the bracket on the 
right of (3,18), i.e. of order 6 h  , and substituting 
from (3,19) for
we get
K -  2ZJ, n \ (3.84)
Su'Sstituting into (3.15) and noting that 1 / n , as 
seen from (3.23), may be considered of order Z / Z » 
we get
=  2 n ÎT g  
rn
Also from (3.6), we get •
S„ =  ( J - ü ü )
C >^3/5 ' 9 0./
(3.25)
Hence
(3.26)
~ ^ C  ^  4 ? "  ' (3.27)
This shows that in this particular example and under 
the given assumptions 5^ is greater than ,
and their difference up to a second order approximation
is given by (3.27). It is seen to be equal to the 
difference obtained from (2.14), (2.15) of the general 
case when
Third Approximation;
It may be worth stating the result of this calculation 
to a third order of approximation. In this case we get
R + (3.88)
Y  = - f  ) (5-29)
) (2-30)
_ ^ ^ ^ + i a ) . n T  (3.31)
4. Comparison with Special Relativity
By so treating the clock problem solely in terms of
general relativity, we have made clear the fact that,
from the point of view of general relativity, there is no 
question of the two observers assigning equal times to the 
duration of their journeys, and consequently there is no 
way of a paradox arising. This is clearly seen, as 
pointed out above, from the fact that the mere passing of 
tvm different geodesics through a pair of common points 
of a space-time does not imply by any means that their
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parts joining the two points are equal in length. On 
the other hand, this makes comparison with special 
relativity rather difficult. In the previous less rigorous 
treatments this comparison was made possible by restricting 
the application of the general theory of relativity to 
negligible parts of the paths of the two observers and for 
negligible periods of time* Unfortunately we cannot do 
so in the present treatment. Nevertheless we can use a 
naive application of special relativity which will enable 
us to get a result comparable with our result (3.27).
The first consideration in any application of special 
relativity is to select an inertial frame. In the 
gravitational field here considered, there is, of course, 
no such frame for the whole of the space-time. However,
the co-ordinate system used in (2.1) is itself an
inertial frame in the limit of infinite distance from the 
spatial origin. Also it can be treated as an arbitrarily 
good approximation to an inertial frame by taking / Ol. 
sufficiently small.
Accepting this ^ we can proceed as follows. Classically, 
the particle 0 describes a circle of radius (X 
with period T and speed
Vc 1 ^ .  = (4.1)
as judged by an observer at rest in the frame. A naive
236o
application of special relativity leads therefore to the 
conclusion that, taking account of time-dilatation, C 
will assign to his journey the time
\  =. 4. n T ( | -  (4. 2)
Treating the projectile L in a similar manner, we find
that its path, to a first order of approximation, is given
"by
Z ( V\ —  r\  ^ <X (4.3)
according to (3.19), and its speed is given by
/^3 o VpV, = hJl = J l— IBH) (4.4)
n T Trn 73 ^ a_ /
Hence % //2
\  - n T ( ( - V ^ )
i: n 5 )
«
up to the same order of approximation considered in (4. S). 
To this order we have, therefore
1 -  fc  -  (4 . 6 )
Since we have in fact only an approximation to an 
inertial frame and since in any case the particles are 
throughout in accelerated motion relative to that frame, 
we have no right to expect this crude attempt at applying
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special relativity to have much significance. But there 
may be some slight interest in noticing that it does give 
in (4.6) an effect of the same order of magnitude as the 
general relativity result (3.27), though it is out by a 
factor 3.
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B - GRA.VITATIONAL RED-SHIFT OF SPECTRAL LINES
5. Einstein's Value of the Red-Shift:
As is well-known the experimental verification of 
the general theory of relativity has been achieved by the 
so-called "three crucial tests". These are the advance 
of perihelion of planetary orbits (more pronounced in the 
case of Mercury), the deflection of a ray of light in 
passing through the gravitational field in the neighbour­
hood of a star (the sun) and the displacement of spectral 
lines towards the red in the observed spectrum of a 
distant star as compared with the similar spectral lines 
produced at the surface of the earth. All the three 
phenomena have been treated as particular applications of 
the Schwarzschild metric for the gravitational field 
outside an attracting point particle. It is significant 
to note that the advance of the perihelion of Mercury was 
the only one of these phenomena which was. actually known 
at the time when Einstein's theory was developed, and the 
effects of gravitation both in determining the path and 
wave-length of light rays had not even been observed as 
qualitative phenomena prior to their prediction by the 
relativity theory.' In the present work we shall only be 
concerned with the third of these crucial tests, which 
is called the 'gravitational red-shift of spectral lines' 
and is usually calculated in the following way (cf.
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Eddington 1923, pp.91-92, Tolman 1934, pp.211-212, and 
Levi-Oivita 1926, pp.400-402).
The Schv/arzsohild line-element for the empty space­
time surrounding a gravitating particle is taken in the 
form,
ds^ r =  ( t  -
in the co-ordinate system ( t j'T  ^Ô , ^ ), where hi
represents the mass of this particle v/hen the units are
chosen such that the velocity of light C = I and the 
Newtonian constant of gravitation V  =  ^ • If we have
tv/o identically similar phenomena, for instance the 
emission of light from two atoms chemically alike and in 
identical physical conditions, talcing place at two 
different points of the space-time (5.1), 5 , E say, 
the "interval" of vibration of the two atoms will be the 
same, i.e.
S l£ (5,2)
Now we suppose that the two similar atoms are momentarily
at rest in the system { i  , 0  9 fp ) 9
d d j  ciO dcp = 0  (5.3)
for both atoms. Thus from (5.1), we have
d  (5.4)
/  (5.5)
where d t  > cL t  c represent the two "co-ordinate periods" 
E ^
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of the similar vibrations, and , -fg- are the values
of the radial co-ordinate f , at the two points 5 > £ 
respectively.
Hence from the condition of similarity (5.2), we get 
i U  , (5.6)
On the other hand, we observe that the particular 
example furnished by (5.1) is static, that is to say the 
are independent of the time. Consequently the 
"co-ordinate period" of successive light impulses is 
unaltered by transmission from one point to another of 
the space-time (5.1). This is clearly seen from the 
expression giving the radial velocity of a light impulse 
along the null geodesic Q = const, , = const, as
obtained from (5.1) by taking
( is ; d  (à  ^ d ^  o (5.7)
This gives
é L  c ±  ( ( - ^  ) (5.8)
dt ^
which is seen to be independent of the co-ordinate t • 
Hence considering an observer A at rest in the co-ordinate 
system { i  f & y ) located at E , a wave emitted by the 
atom at 5 will reach him at a certain time $ "t after it
leavesS; and according to (5.8) this time-log remains
constant for subsequent waves. Consequently the waves are 
received by A at the éame time-periods as they are emitted.
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Hence if X| is the vmve-length of light emitted hy the 
atom at $ as observed by , and is the wave-length
of that emitted by the similar atom at E as measured 
directly by A (la his laboratory), we get from (5.6) 
and the above consideration, relative to the observer (\
Observed wave-length _ ^
Measured wave-length d i ^
-11-2-w/f») i l +
to a sufficient approximation. We can still neglect
n^/ (of order lo"^ for the earth) in comparison with
rn/ fg (of order 10~^ for the sun), as it is considered 
to be beyond observational detection. Hence (5.9) 
indicates a red-shift given by
A  ^  JŒL. (5.10)
A ' f$
A natural test to verify experimentally the validity 
of this result is supplied by the comparison of wave­
lengths of emissions of similar solar and terrestrial 
atoms as observed and measured respectively at the earth.
In this case (5.10) shows a very small red-shift in the 
solar spectrum
lA. é: JTl ~  2, ,12 )(l o'^
In the case of the very dense companion to Sirius, the 
shift should be about thirty times as great. There has 
been some doubt about the reality of this kind of red-
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shift at first, hut now the agreement hetv/een theory and 
observation, in both cases, is considered to be satis­
factory as a result of the work of Adams (1925) and of 
St. John (1928).
However, the standard value (5.10) for the displace­
ment of the Fraunhofer lines in the spectrum of the sun 
or any other heavy star is based on the three main 
assumptions underlined above, namely
(a) that the emitting particles at S and £ are similar,
(b) that the emitting particles are at rest in the
co-ordinate system, and
(c) that the observer is also at rest in the co­
ordinate system.
With regard to the first assumption, the question remains 
whether, for example, a hydrogen atom on the sun is truly
similar to a hydrogen atom on the earth. The other two
assumptions are in fact not true in the actual experiment, 
but it has been generally assumed that the consideration 
of the actual motion of the observer and the possible 
motion of the emitting particles will only bring terms 
of a smaller order which can alv/ays be neglected as being 
beyond observation. There has been, to our knowledge, 
no strict evidence confirming this assumption.
The.required evidence, as suggested to the candidate 
by Professor W.H.McCrea, is provided by calculating the 
red-shift following a more general treatment which does
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not impose the tv/o restrictions (b), (c) mentioned above,
A general expression for the displacement of spectral 
lines observed for distant sources has in fact been given 
by W.O.Kermack, W.H.McCrea and E.T.Whittaker (1933) for 
any Riemannian space in general. It is our purpose in 
the following sections of this chapter to carry out the 
calculation for the particular example given by the 
Sohwarzschild "exterior" metric (5.1). In this calculation 
we shall take account of the possible motion of the observer, 
the star or the emitting particles with the sight line 
being radial or oblique. As the above authors have derived 
their expression for the red-shift by using particular 
properties of null geodesics in a general Riemannian space, 
we think it convenient to consider first the equations of 
a null geodesic in the space-time determined by (5.1).
6. Equations of a Null Geodesic:
If V is a null geodesic in space-time with a 
fundamental tensor y then the contravariant vector
1  ^ along this geodesic at any point of \ is defined 
"by
l"" = jà J i - (6.1)
d /V
w h e r e  d  c o r r e s p o n d s  t o  a  d i s p l a c e m e n t  a l o n g  f  , a n d  
X  i s  a n e w  p a r a m e t e r  w h i c h  s a t i s f i e s  t h e  c o n d i t i o n
AJL ± 2 ^ = 0 (6.2)
 ^ cLX d A
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The vector 1 is carried from one point to another along 
the null geodesic T by Levi-Oivita^s parallel transport, 
and is consequently called by the above authors the 
"transport vector". In the theory of null geodesics, 
the parameter X  plays much the same part as the 
interval "g " plays in the theory of ordinary geodesics.
In fact the equations of null geodesics have precisely 
the same form as those of ordinary geodesics with X 
as the independent variable in place of the interval " S " 
used in the latter case. Hence the equations of a null 
geodesic are given by (loc. cit., equations (2.3), p.32)
where  ^ j are the Christoff el symbols determined by 
the fundamental tensor •
For the space-time (5.l)
Y X 1 4  (6,4)
where X = equation (6.8) gives
.. ~  ^ (6.5)
Calculating the Christoffel symbols for the line-element
(6.4) and substituting in (6.3), we get
i t ^ Q (6.6)
d A (À X
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'  « (6.6)
- «  (6.6)
Equation (6,6) possesses a first integral given by
X ~ 1  =  Const, (6.10)
% A
But Y/e can choose the parameter X such that this 
constant is equal to unity. Hence we can take, without 
any loss of generality
«  .  ,/y =  (6.11)
Now we need not consider the general solutions of the 
differential equations (6.6) - (6.9), as we shall only be 
concerned with two particular types of null geodesics, 
the radial null geodesics and those lying in the plane 
(j = ÏÏ/2 • These are given by:-
(i) Radial null geodesics:
These are given by
0 Z: const. )  ^  ^ const, (6.12)
i.e. £  0 , - 0 (6.13)
4 A  ^ d l
Substituting from (6.11), (6.13) into (6.5), we get 
c l i / d X  -  I (6,14)
showing that the parameter A can be taken in this case as
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the co-ordinate f , All the differential equations 
(6.6) - (6.9) will then he satisfied. Hence, the transport 
vector for any radial null geodesic in the space-time
(6.4) is given hy
Y  5  [ X'* ; I ; 0 ) 0 ] (6.15)
(ii) Null geodesics in the plane 9 = 'Yf/Z :
Since é) = Îf ' /X f we have oLB/d\ and cos 0 
both initially equal to zero and hence in accordance with 
(6.8) permanently equal to zero.
Thus (6.9) will then give
+ 4- -TT 4 ^  ' 0 (6.16)f «(A
which has the first integral
V a ”  (6-17)
where h is a constant of integration. We observe that 
relation (6.17) is exactly similar to that obtained, in 
the analogous case, for ordinary geodesics. Substituting 
from (6.11), (6.17) into (6.5), we get for Q = : ï ï /Z
(6.18)
All the differential equations (6.6) - (6.9) will be 
satisfied in virtue of (6.1l), (6.17) and (6.18). Hence
the transport vector for all null geodesics lying in the 
plane 0  ^ Vf I  % is given by
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7. General Expression of Red-Shift and Corrections:
The expression of the *red-shift * in any Riemannian 
space-time in general, as given hy the authors quoted 
above, can be expressed in the following way. Two 
observers A, 3  Eire situated at two points E>S respectively 
on a null geodesic P  in a Riemannian space-time. Then 
r is considered to belong to some wave-front of an 
emission to be observed by f\ and 5 • If X), Xo represent 
the v/ave-lengths of this emission as observed by A , J 
respectively, the above authors have obtained, according 
to some invariant property of null geodesics, the relation 
(loo, cit., equation (7.l), p.39)
Xq ^ C ^  ^ p 1 a i £  ^y 2 )
where ^  ^ is the transport vector along T  , and f^ ; uTy 
are unit covariant vectors along the world-lines of A > B 
respectively. The expressions on the right-hand side of 
(7.1) are summed over V %
Now we suppose that the point S , where the observer 
B is situated, lies on the surface of a star at which 
the emission of light is originated. Hence Xo will be 
the wave-length of the light as measured locally by the 
observer B (in his laboratory). We then consider the 
point B 9 where the observer A is situated, to lie on the 
surface of a free particle (for example on the surface of
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the earth) in the gravitational field of the star S »
The general formula (7.1) is evidently symmetrical between
the two observers A , - %. That is, if a similar emission
of light is produced at E where the observer A is
situated and is transmitted along the same null geodesic
r  to the observer B f f\ will find the wave-length
(as measured directly in his laboratory) to be Xo f
and that observed by B will be \ \  « Hence relative
to the observer f\ , we have
Observed wave-length ^ X> _ I / S (7,2)
Measured wave-length " ] At f
In the following calculations, we shall consider the 
observer A as the one who does the actual measuring and 
observing of the wave-length and we shall refer to him, 
for convenience, as the "terrestrial observer".
We must point out, however, that the above general 
treatment of Kermak, McCrea and Whittaker and that given 
in the text books referred to above as explained in 
section 5, for the red-shift, imply two alternative, but 
fundamentally different, ways of interpreting the result 
of the same experiment. In fact, as pointed out to the 
candidate by Professor W.H.McCrea, if the terrestrial 
observer A 9 for instance, measures in his laboratory the 
wave-length corresponding to a given spectral line and 
compares it with the wave-length of the same spectral line
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as shown in the observed spectrum of a distant star, the 
sun for example, then A will be unable to say whether the 
difference in the tv/o wave-lengths (if any) is due to a 
Doppler effect or to a gravitational effect on account of 
the experiment alone. His interpretation will actually 
depend on the definitions of  ^distance' and relative 
^rest^ tnat he adopts. The same ambiguity may appear more 
clearly when we suppose the observer f) to be transferred 
to the sun after measuring the wave-length in his 
laboratory (on earth). Now A , being at a higher 
gravitational potential, may consider the atom giving the 
concerned spectral line as slowed down and that his clock 
is slov/od down as v/ell. This is the original relativistic 
point of view as given by Einstein and implied in the 
standard treatment of section 5. According to this view, 
f-\ v/ill measure a different wave-length for the emission 
when produced at the sun. On the other hand, A may not 
notice any change in the rate of his clock nor in the 
measured wave-length, if he adopts a certain definition 
of  ^distance ^ . This is the view adopted in deriving 
the general formula (7.1). Nevertheless, we shall show 
that the expression (7.2), when applied to the particular 
example of section 5 (observer and source of light at 
rest in the Schv/arzschild space-time) will give precisely 
the same red-shift as that given by (5.9).
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We are now in position to calculate the corrections 
of the gravitational red-shift, as given hy (5.10), 
arising from the consideration of the actual motion of 
the observer A , who runs the experiment, and of the 
possible motion of the star or the emitting particles.
We shall also work out the correction arising in the case 
when the null geodesic ( P  ) joining the observer and 
the star, i.e., the line of sight, is not radial. This 
last consideration is of some interest in view of the 
recent work of M.G.Adam (1948) showing a significant 
difference in the red-shift for selected lines in the 
solar spectrum when observed for thirteen positions along 
the polar diameter of the solar disc. The corrections 
in all these possible cases are found to be of an order 
which can be neglected in comparing theory v/ith 
observation.
(a) Observer and star at rest :
It is of interest to show first the consistency 
between the two expressions (5.9) and (7.2) for the 
particular case when the observer, the star and the 
emitting particles are at rest in the co-ordinate system.
It is easily seen from the line-element (6.4) that 
the world-line of any observer at rest in this space-time 
is given by
4L =  l//T ; f ,0 , </> = CU.1SÎ. (7.3)
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where % = I - — as above. Hence the unit vectors 
along the world-lines of the two observers B , A 
situated on the surface of the star 5 and the free 
particle E are given respectively by
LO^  H  [ /i-^.  ^0^ 0^ 0 J (7.4)
] (7.5)
k ^
where a is the radius of the star  ^ and b is the 
constant value of f at E • Hence if the sight line 
is radial, i.e. as in (6.15)
7' =  (7.6)
we get from (7.2)
A l . [ 7 V q
A  i v ° f o  + 7 7 / +  + 7 V ?  J
-  =  I - jg. (7.7)
v/hich is exactly the same as in (5.9). It gives, as 
before, a red-shift
SX =  JIL 
X ’
if wc consider rn//> as being too small to be observed.
In this particular case there is no difference in 
the result if we take the sight line to bo oblique with 
the transport vector given by (6.19).
(b) Observer in motion:
As we are mainly examining the order of magnitude 
of the correction in the red-shift, we can simply consider
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the observer A to accompany a particle moving in a circle 
of radius b in the plane f) = lT /2 * Hence, as seen
from (3.3), (3.4) of the previous chapter, the world-line 
of such an observer is determined by
4^ = k 3 B  —  VfI X
Hence the contravariant unit vector along this world-line
is given by
V
(7,9)
Thus
(7.10)
The uni'o vector along the world-line of the observer B , 
considered to be at rest in the co-ordinate system as in 
case (a) above, will be given, as in (7.4), by
(7.11)
How considering the sight line to be radial, i.e.
r  = [ ( 1- 2^ ;', 1, 0 , 0 ]
we get from (7.2)
-Al - (i-?.i^ /d')
>0
(7.12)
Thus comparing (7.12) with (5.9), we got the correction 
for this case to be
^  I +■ JÎL _  m  o- TF
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correction %  ÏIL
j t -
which is of an unobservable order.
Taking the line of sight to be oblique (in the plane 
6 =7T/2), i.e. as in (6.19)
' t .» - ^  i
where h is a constant depending on the angle that the
sight line makes with the radius vector at the position 
of the observer A , we have in this case from (7.2)
Al =  ( I -
b3/i'' ' '
4 1 + e  - i r  " A #
neglecting terras of a smaller order. This shows a 
correction in the red-shift
which again is of a smaller order.
(c) Rotating star:
We then consider the case when the star is rotating 
about an axis perpendicular to the plane 9 = through
its centre which is the origin of co-ordinates. Any 
observer B y situated on the surface of the star and 
lying v/ith the terrestrial observer on the same radial 
null geodesic, will be moving in a circular orbit with
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radius a. • Hence, by similarity with the previous case, 
we have
= \ ) () ) 0 ; 1 (7,16)/ 1 _ 3 m/cL J
Taking the terrestrial observer at rest in the co-ordinate 
system, we have as in (7.4)
J  ^ ' ' i ) 0 ^ O ) O j (7,17)
We shall only consider in this case the sight line to be 
radial otherwise we have to introduce new constants in 
calculating the unit vector u)y for any other observed 
position which is not on the same radial null geodesic
V
with the terrestrial observer. Taking ) as in (7.6) and 
substituting in (7.2), we get
X. _  ( I -  3 m / q j  .
( I - ifn/i)''''•1
\ ZÇL (7,18)
b
giving a red-shift
ÏA = i m  - 4—  (7.19)
Xo 4
Comparing (7.19) with Einstein^s value (5.10), we find 
the correction for this case to be
— *^ /^ 2 ^ ("7.20)
The difference here is significant, but it is to be 
expected. The red-shift (7.19) consists in fact of the 
gravitational shift under consideration as well as the
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ordinary Doppler shift corresponding to the transverse 
motion of the emitting particles moving with the observer 
3 at the instant of observation. It is in fact this 
latter effect that is responsible, to the same order of 
approximation, of the extra shift (7.20),
The transverse velocity of the emitting particles 
is given by
(7.21)
by similarity with (3,4) above. The total velocity of the 
emitting particles will therefore be given by
6  (7.22)
(3L
to the same order of approximation used in (7.19). But it 
is v/ell-known (for example, McCrea 1949, p. 36) that the 
Doppler shift corresponding to a relative velocity
^ I+Vy/C I
/ 1 -
=  1 q/' JZL (7,23)
since (the radial velocity of the source) —  0 and
d ^  I in the units of the present example. Hence from
(7.19) and (7.23) wo find that the actual gravitational 
red-shift in this case of a rotating star is given by
S X - m  nn
i JIL (7.24)
on neglecting JlL as before. This is exactly the same as
b
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the Einsteints value (5.10) when the star as well as the 
observer is at rest.
(d) Emitting particles in motion;
Lastly we consider the observed spectrum to be 
generated by a stream of particles (atoms) moving radially 
outwards with a small constant velocity If « The 
observer B will accompany the emitting particles in 
their motion. Since the motion is radial, i.e.
0 -Const.  ^ = const.
we get from the line-element (6.4)
^   ^- T  ) (7.25)
for B S world-line. Hence, we have
V _ r  ^
w
(7,26)
and therefore
" -  I /'«■-I»' / 7 ( V ’.V>) J 17.27)
Considering the terrestrial observer to be at rest
and the line of sight to be radial, we have
4  /1 - 2 >^ / &  ^0 ) 0 ; O j
" f  /=. )■ !—  > » ) 0 , 0 1
' - I 1. 2m/f ^ ‘  ^ J
Substituting in (7.2) we get
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[ 7 ” C 5 A t £
I f  m/ci — V ( ( 3 rn/(L )
( / 4 M/b) /| — V  ^
i  I 4- m / q . - m / 6 -  i r  (  1 + 3 M / A . . i r / t )
/  i - or^
neglecting terms of a smaller order.
We can easily decompose (7.28) into its two parts 
corresponding to the gravitational and Doppler effects 
respectively as in the previous case. But we better get 
rid of the Doppler effect by considering another stream 
of the same particles moving in the opposite direction 
(radially inv/ards ) with the same velocity "V , and 
averaging the two results. In this case, by similarity
with (7.28), we get
Xi L 4- V  ( I+3hi/a-m/b)
Xo - V  ^  (7.29)
Averaging (7.28), (7.29), we get
/\i ^  \ 4 m/ u  - m  / b
Xo j — V  A
4  ' ^ ^  4- ^  + ^  ) (7.30)
neglecting \r\/y and higher powers of qT • The 
correction in this case
(7.31)
and is again too small to be observed owing to the
Xsmallness of 1/
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Repeating the above calculation for an oblique 
sight line (in the plane f) - , i.e.
Y  = [ ; 0 J o ]
we observe that the only change in (7,28), (7,29) will be 
in the terms including -, V  and 4 iT respectively which 
v/ill be cancelled on averaging. Thus, we get the same 
correction (7.31) for the case when the sight line is 
oblique.
We can also carry out a similar calculation for the 
general case in which the emitting particles are moving 
with a total velocity
V = ( n/ ; 0 ; ÜJ ) (7.32)
and the averaged correction will similarly be
^  i  ( ) + 4 )  (7.33)
where
= V  ^  +  a?' w  (7,34)
The correction (7.33) for this general case can also be 
neglected in comparison with observation.
Concluding this calculation of the gravitational 
red-shift in general, for all possible oases, we 
emphasize the fact that all the above corrections are 
considered to be beyond observational detection, We 
have considered the various possibilities separately, but 
it is clear that the combined effect of any two or more
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of thorn will only bring tomis of a smaller order in the 
above corrections# Hence the above calculation gives 
a strict evidence for considering Einstein^s value
î ) \ 3 , m
Xo 0^
as a "standard” value (to a sufficient approximation^for 
the displacement of the spectral lines in the observed 
spectra of distant stars ( in ^ mass of the star,
~ radius of the star) as compared with similar 
spectra produced in the laboratory of a terrestrial 
observer#
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